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AN END-TO-END CONSTRUCTION FOR SINGLY PERIODIC MINIMAL
SURFACES
L. HAUSWIRTH, F. MORABITO, AND M. M. RODRÍGUEZ
Abstrat. We show the existene of various families of properly embedded singly periodi
minimal surfaes in R
3
with nite arbitrary genus and Sherk type ends in the quotient. The
proof of our results is based on the gluing of small perturbations of piees of already known
minimal surfaes.
1. Introdution
Besides the plane and the helioid, the rst singly periodi minimal surfae was disovered
by Sherk [32℄ in 1835. This surfae, known as Sherk's seond surfae, is a properly embedded
minimal surfae in R
3
invariant by one translation T we an assume along the x2-axis, and an
be seen as the desingularization of two perpendiular planes P1 and P2 ontaining the x2-axis.
We assume P1, P2 are symmetri with respet to the planes {x1 = 0} and {x3 = 0}. By hanging
the angle between P1, P2 we obtain a 1-parameter family of properly embedded singly periodi
minimal surfaes, we will refer to as Sherk surfaes. In the quotient R
3/T by its shortest trans-
lation T , eah Sherk surfae has genus zero and four ends asymptoti to at annuli ontained
in P1/T, P2/T . Suh ends are alled Sherk-type ends.
In 1982, C. Costa [2, 3℄ disovered a genus one minimal surfae with three embedded ends:
one top atenoidal end, one middle planar end and one bottom atenoidal end. D. Homann and
W.H. Meeks [8, 9, 10℄ proved the global embeddedness for this Costa example, and generalized
it for higher genus. For eah k > 1, Costa-Homan-Meeks surfae Mk (we will abbreviate by
saying CHM example) is a properly embedded minimal surfae of genus k and three ends: two
atenoidal ones and one middle planar end.
F. Martin and V. Ramos Batista [18℄ have reently onstruted a properly embedded singly
periodi minimal example whih has genus one and six Sherk-type ends in the quotient R
3/T ,
alled Sherk-Costa surfae, based on Costa surfae (from now on, T will denote a translation
in the x2-diretion). Roughly speaking, they remove eah end of Costa surfae (asymptoti to
a atenoid or a plane) and replae it by two Sherk-type ends. In this paper we obtain surfaes
in the same spirit as Martin and Ramos Batista's one, but with a ompletely dierent method.
We onstrut properly embedded singly periodi minimal surfaes with genus k > 1 and six
Sherk-type ends in the quotient R3/T , by gluing (in an analyti way) a ompat piee of Mk
to two halves of a Sherk surfae at the top and bottom atenoidal ends, and one at horizontal
annulus P/T with a disk removed at the middle planar end.
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Theorem 1.1. Let T denote a translation in the x2-diretion. For eah k > 1, there exists a
1-parameter family of properly embedded singly periodi minimal surfaes in R
3
invariant by T
whose quotient in R
3/T has genus k and six Sherk-type ends.
V. Ramos Batista [29℄ onstruted a singly periodi Costa minimal surfae with two atenoidal
ends and two Sherk-type middle end, whih has genus one in the quotient R
3/T . This example
is not embedded outside a slab in R
3/T whih ontains the topology of the surfae. We observe
that the surfae we obtain by gluing a ompat piee of M1 (Costa surfae) at its middle planar
end to a at horizontal annulus with a disk removed has the same properties as Ramos Batista's
one.
In 1988, H. Karher [13, 14℄ dened a family of properly embedded doubly periodi minimal
surfaes, alled toroidal halfplane layers, whih has genus one and four horizontal Sherk-type
ends in the quotient. In 1989, W.H. Meeks and H. Rosenberg [21℄ developed a general theory for
doubly periodi minimal surfaes having nite topology in the quotient, and used an approah
of minimax type to obtain the existene of a family of properly embedded doubly periodi min-
imal surfaes, also with genus one and four horizontal Sherk-type ends in the quotient. These
Karher's and Meeks and Rosenberg's surfaes have been generalized in [30℄, onstruting a 3-
parameter family K = {Mσ,α,β}σ,α,β of surfaes, alled KMR examples (sometimes, they are also
referred in the literature as toroidal halfplane layers). Suh examples have been lassied by
J. Pérez, M.M. Rodríguez and M. Traizet [27℄ as the only properly embedded doubly periodi
minimal surfaes with genus one and nitely many parallel (Sherk-type) ends in the quotient.
Eah Mσ,α,β is invariant by a horizontal translation T (by the period vetor at its ends) and a
non horizontal one T˜ . We denote by M˜σ,α,β the lifting of Mσ,α,β to R
3/T , whih has genus zero,
innitely many horizontal Sherk-type ends, and two limit ends.
In 1992, F.S. Wei [33℄ added a handle to a KMR example Mσ,0,0 in a periodi way, obtaining
a properly embedded doubly periodi minimal surfae invariant under reetion in three orthog-
onal planes, whih has genus two and four horizontal Sherk-type ends in the quotient. Some
years later, W. Rossman, E.C. Thayer and M. Wolgemuth [31℄ added a dierent type of handle
to a KMR example Mσ,0,0, also in a periodi way, obtaining a dierent minimal surfaes with
the same properties as Wei's one. They also added two handles to a KMR example, getting
doubly periodi examples of genus three in the quotient. L. Mazet and M. Traizet [20℄ have re-
ently added N > 1 handles to a KMR example Mσ,0,0, obtaining a genus N properly embedded
minimal surfae in R
3/T with an innite number of horizontal Sherk-type ends and two limit
ends. The idea of the onstrution is to onnet N periods of the doubly periodi example of
Wei with two halves KMR example. However they only ontrol the asymptoti behavior in their
onstrution. They have also onstruted a properly embedded minimal surfae in R
3/T with
innite genus, adding handles in a quasi-periodi way to a KMR example.
L. Hauswirth and F. Paard [6℄ have onstruted higher genus Riemann minimal examples in
R
3
, by gluing two halves of a Riemann minimal example with the intersetion of a onveniently
hosen CHM surfae with a slab. We follow their ideas to generalize Mazet and Traizet's examples
by onstruting higher genus KMR examples: we onstrut properly embedded singly periodi
minimal examples whose quotient in R
3/T has arbitrary nite genus, innitely many horizontal
Sherk-type ends and two limit ends. More preisely, we glue a ompat piee of a slightly
deformed CHM example Mk with tilted atenoidal ends, to two halves of a KMR example Mσ,α,0
or Mσ,0,β (see Figure 1) and a periodi horizontal at annuli with a disk removed.
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Figure 1. A sketh of half a KMR example Mσ,0,0 glued to a ompat piee of
Costa surfae.
Theorem 1.2. Let T denote a translation in the x2-diretion. For eah k > 1, there exist two
1-parameter families K1,K2 of properly embedded singly periodi minimal surfaes in R3 whose
quotient in R
3/T has genus k, innitely many horizontal Sherk-type ends and two limit ends.
The surfaes in K1 have a vertial plane of symmetry orthogonal to the x1-axis, and the surfaes
in K2 have a vertial plane of symmetry orthogonal to the x2-axis.
L. Mazet, M. Traizet and M. Rodríguez [19℄ have reently onstruted saddle towers with
innitely many ends: they are non-periodi properly embedded minimal surfaes in R
3/T with
innitely many ends and one limit end. In the present paper, we onstrut (non-periodi)
properly embedded minimal surfaes in R
3/T with arbitrary nite genus k > 0, innitely many
ends and one limit end. With this aim, we glue half a Sherk example with half a KMR example,
in the ase k = 0; and, when k > 1, we glue a ompat piee of the CHM example Mk to half
a Sherk surfae (at the top atenoidal end of Mk), a periodi horizontal at annuli with a disk
removed (at the middle planar end) and half a KMR example (at the bottom atenoidal end),
see Figure 2.
Theorem 1.3. Let T denote a translation in the x2-diretion. For eah k > 0, there exists a
1-parameter family of properly embedded singly periodi minimal surfaes in R
3
whose quotient
in R
3/T has genus k, innitely many horizontal Sherk-type ends and one limit end.
The family of KMR examples is a three parameter family whih ontains two subfamilies
whose surfaes have a vertial plane of symmetry. In the onstrution of examples satisfying
theorems 1.2 and 1.3, we need to have at least one vertial plane of symmetry in order to ontrol
the kernel of the Jaobi operator on eah glued piee. F. Morabito [24℄ has reently proved there
is a bounded Jaobi eld whih does not ome from isometries of R
3
on the CHM bent surfae.
For this reason, we are not able to produe a 3-parameter family of KMR examples with higher
genus in theorem 1.2.
The paper is organized as follows: In setion 2 we briey desribe the CHM examples Mk and
obtain, for eah genus k, a 1-parameter family of surfaes Mk(ξ) by bending the atenoidal ends
of Mk = Mk(0) keeping a vertial plane of symmetry. This is used to presribe the ux of the
deformed CHM surfae, whih has to be the same as the orresponding KMR example we want
to glue (theorem 1.2). To simplify the onstrution of examples satisfying theorems 1.1 and 1.3,
we onsider a no bent CHM example Mk. In setion 3 we perturb Mk(ξ) using the impliit
funtion theorem. We get an innite dimensional family of minimal surfaes that have three
boundaries.
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Figure 2. A sketh of a surfae in the family of theorem 1.3.
In setion 4, we apply an impliit funtion theorem to solve the Dirihlet problem for the
minimal graph equation on a horizontal at periodi annuli with a disk B removed, presribing
the boundary data on ∂B and the asymptoti diretion of the Sherk-type ends. We onstrut
the at annuli with a disk removed we will glue to the CHM example at its middle planar end.
Varying the asymptoti diretion of the ends and the ux of the surfae, we obtain the piees
of Sherk example we will glue at the top and bottom atenoidal ends of the CHM example
(proving theorem 1.1) and to half a KMR example (theorem 1.3).
In setion 5, we study the KMR examples Mσ,α,β and desribe a onformal parametrization
of these examples on a ylinder. We also obtain an expansion of piees of the KMR examples as
the ux of Mσ,α,β beomes horizontal (i.e. near the atenoidal limit). Setion 6 is devoted to the
study of the mapping properties of the Jaobi operator about suh Mσ,α,β near the atenoidal
limit. And we apply in setion 7 the impliit funtion theorem to perturb half a KMR example
Mσ,α,0 (resp. Mσ,0,β), obtaining a family of minimal surfaes asymptoti to half a Mσ,α,0 (resp.
Mσ,0,β) and whose boundary is a Jordan urve. We presribe the boundary data of suh a sur-
fae. We remark that setions 5, 6, 7 are of independent interest. They are devoted to the global
analysis on KMR examples.
Finally, we do the end-to-end onstrution in setion 8: we explain how the boundary data of
the orresponding minimal surfaes onstruted in setions 4, 3 and 7 an be hosen so that the
union of these forms smooth minimal surfaes satisfying theorems 1.1, 1.2 and 1.3.
2. A Costa-Hoffman-Meeks type surfae with bent
atenoidal ends
In this setion we reall the result shown in [6℄ about the existene of a family of minimal
surfaes Mk(ξ) lose to the Costa-Homan-Meeks surfae Mk(0) = Mk of genus k > 1, with one
planar end and two slightly bent atenoidal ends by an angle ξ.
2.1. Costa-Homan-Meeks surfaes. We briey present here the family of CHM surfaes
Mk studied in [2, 3, 8, 9, 10℄. For eah natural k > 1, Mk is a properly embedded minimal
AN END-TO-END CONSTRUCTION FOR SINGLY PERIODIC MINIMAL SURFACES 5
surfae of genus k and three ends. After suitable rotations and translations, we an assume its
ends are horizontal (in partiular, they an be ordered by heights) and it enjoys the following
properties:
(1) Mk has one middle planar end Em asymptoti to the plane {x3 = 0}, and two atenoidal
ends: one top Et and one bottom Eb, respetively asymptoti to the upper and lower
end of a atenoid having as axis of revolution the x3-axis.
(2) Mk intersets the {x3 = 0} plane in k + 1 straight lines, whih interset at equal angles
π
k+1 at the origin. The intersetion ofMk with any one of the remaining horizontal planes
is a single Jordan urve. Thus the intersetion of Mk with the upper half-spae {x3 > 0}
(resp. the lower half-spae {x3 < 0}) is topologially an open annulus.
(3) The symmetry group of Mk is generated by π-rotations about the k + 1 lines ontained
in the surfae at height zero, together with the reetion symmetries in vertial planes
that biset those lines. Assume one of suh planes of symmetry is the {x2 = 0} plane.
In partiular, Mk is invariant by the rotation of angle
2π
k+1 about the x3-axis and by the
omposition of a rotation by angle
π
k+1 about the x3-axis with the reetion symmetry
aross the {x3 = 0} plane.
Now we give a loal desription of the surfaes Mk near its ends and we introdue oordinates
that we will use.
The planar end. The planar end Em of Mk an be parametrized [6℄ by
Xm(x) =
(
x
|x|2 , um(x)
)
∈ R3, x ∈ B¯∗ρ0(0)
where B¯∗ρ0(0) is the puntured losed disk in R
2
of radius ρ0 > 0 small entered at the origin,
and um = OC2,αb (|x|
k+1) is a solution of
(1) |x|4 div
( ∇u
(1 + |x|4 |∇u|2)1/2
)
= 0.
Moreover, um an be extended ontinuously to the punture, using Weierstrass representation
(in fat, it an be extended as a C2,α funtion). Here OCn,αb (g) denotes a funtion that, together
with its partial derivatives of order less than or equal to n+ α, is bounded by a onstant times
g.
If we linearize in u = 0 the nonlinear equation (1), we obtain the expression of an operator
whih is the Jaobi operator about the plane; i.e. LR2 = |x|4∆0. To be more preise, the
linearization of (1) gives
(2) Lu v = |x|4div
(
∇v√
1 + |x|4|∇u|2 − |x|
4∇u ∇u · ∇v√
(1 + |x|4|∇u|2)3
)
.
Equation (1) means that the surfae Σu parametrized by x 7→
(
x
|x|2 , u(x)
)
is minimal. We will
give the expression of the mean urvature Hu+v of Σu+v in terms of the mean urvature Hu of
Σu.
Lemma 2.1. There exists a funtion Qu satisfying Qu(0, 0) = ∇Q′u(0, 0) = 0 suh that
(3) 2Hu+v = 2Hu + Luv + |x|4Qu(
√
|x|4∇v,
√
|x|4∇2v).
Proof. Dene f(t) = 1√
1+|x|4|∇(u+tv)|2 and apply Taylor expansion. ✷
6 L. HAUSWIRTH, F. MORABITO, AND M. M. RODRÍGUEZ
Sine u satises (1), then Hu = 0. The minimal surfae equation that we will use in the
following setions is:
(4) |x|4
(
∆0v +
√
1 + |x|4|∇u|2 (L¯uv +Qu(|x|2∇v, |x|2∇2v))) = 0,
where L¯u is a seond order linear operator whose oeients are in OC2,α
(|x|k+1) .
The atenoidal ends. We denote by Xc the parametrization of the standard atenoid C whose
axis of revolution is the x3-axis. Its expression is
Xc(s, θ) := (cosh s cos θ, cosh s sin θ, s) ∈ R3
where (s, θ) ∈ R× S1. The unit normal vetor eld about C is
nc(s, θ) :=
1
cosh s
(cos θ, sin θ,− sinh s), (s, θ) ∈ R× S1.
Up to a dilation, we an assume that the two ends Et and Eb of Mk are asymptoti to some
translated opy of the atenoid parametrized by Xc in the vertial diretion. Therefore, Et and
Eb an be parametrized, respetively, by
Xt := Xc + wt nc + σt e3 in (s0,∞)× S1,
Xb := Xc − wb nc − σb e3 in (−∞,−s0)× S1,
where σt, σb ∈ R, and wt (resp. wb) is a funtion dened in (s0,∞)×S1 (resp. (−∞,−s0)×S1)
whih tends exponentially fast to 0 as s goes to +∞ (resp. −∞), reeting the fat that the
ends are asymptoti to a atenoidal end.
We reall that the surfae parametrized by X := Xc + wnc is minimal if and only if the
funtion w satises the minimal surfae equation whih, for normal graphs over a atenoid has
the following form
(5) LCw +
1
cosh2 s
(
Q2
( w
cosh s
)
+ cosh sQ3
( w
cosh s
))
= 0,
where LC is the Jaobi operator about the atenoid, i.e.
LCw =
1
cosh2 s
(
∂2ssw + ∂
2
θθw +
2w
cosh2 s
)
,
and Q2, Q3 are linear seond order dierential operators whih are bounded in Ck(R × S1), for
every k, and satisfy Q2(0) = Q3(0) = 0, ∇Q2(0) = ∇Q3(0) = 0,∇2Q3(0) = 0 and then:
(6) ‖Qj(v2)−Qj(v1)‖C0,α([s,s+1]×S1) 6 c
(
sup
i=1,2
‖vi‖C2,α([s,s+1]×S1)
)j−1
‖v2 − v1‖C2,α([s,s+1]×S1)
for all s ∈ R and all v1, v2 suh that ‖vi‖C2,α([s,s+1]×S1) 6 1. The onstant c > 0 does not depend
on s.
2.2. The family of Costa-Homan-Meeks surfaes with bent atenoidal ends. Denote
by Rξ the rotation of angle ξ about the x2-axis oriented by e2. Using an elaborate version of the
impliit funtion theorem and following [12℄ and [17℄ it is possible to prove the following
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Theorem 2.2 ([6℄). There exists ξ0 > 0 and a smooth 1-parameter family of minimal surfaes
{Mk(ξ) | ξ ∈ (−ξ0, ξ0)} suh that Mk(0) = Mk and eah Mk(ξ) is invariant by the reetion
symmetry aross the {x2 = 0} plane, has one horizontal planar end Em and has two atenoidal
ends Et(ξ), Eb(ξ) asymptoti respetively, up to a translation, to the upper and lower end of the
atenoid RξC (i.e. the standard atenoid whose axis of revolution is direted by Rξe3). Moreover,
Et(ξ), Eb(ξ) an be parametrized respetively by
(7) Xt,ξ = Rξ (Xc +wt,ξ nc) + σt,ξ e3 + ςt,ξ e1
(8) Xb,ξ = Rξ (Xc − wb,ξ nc)− σb,ξ e3 − ςb,ξ e1
where the funtions wt,ξ, wb,ξ and the numbers σt,ξ, ςt,ξ, σb,ξ, ςb,ξ ∈ R depend smoothly on ξ and
satisfy
|σt,ξ−σt|+|σb,ξ−σb|+|ςt,ξ |+|ςb,ξ |+‖wt,ξ−wt‖C2,α−2 ([s0,+∞)×S1)+‖wb,ξ−wb‖C2,α−2 ((−∞,−s0]×S1) 6 c|ξ|,
where
‖w‖Cℓ,αδ ([s0,+∞)×S1) = sups>s0
(
e−δs ‖w‖Cℓ,α([s,s+1]×S1)
)
,
‖w‖Cℓ,αδ ((−∞,−s0])×S1) = sups6−s0
(
e−δs ‖w‖Cℓ,α([s−1,s]×S1)
)
.
For all s > s0 and ρ < ρ0, we dene
(9) Mk(ξ, s, ρ) := Mk(ξ)−
(
Xt,ξ([s,∞)× S1) ∪Xm(Bρ(0)) ∪Xb,ξ((−∞,−s]× S1)
)
.
The parametrizations of the three ends of Mk(ξ) indue a deomposition of Mk(ξ) into slightly
overlapping omponents: a ompat piee Mk(ξ, s0 + 1, ρ0/2) and three nonompat piees
Xt,ξ((s0,∞)× S1), Xb,ξ((−∞,−s0)× S1) and Xm(B¯ρ0(0)).
We dene the weighted spae of funtions on Mk(ξ).
Denition 2.3. Given ℓ ∈ N, α ∈ (0, 1) and δ ∈ R, we dene Cℓ,αδ (Mk(ξ)) as the spae of
funtions in Cℓ,αloc (Mk(ξ)) for whih the following norm is nite
‖w‖Cℓ,αδ (Mk(ξ)) := ‖w‖Cℓ,α(Mk(ξ,s0+1,ρ0/2)) + ‖w ◦Xm‖Cℓ,α(Bρ0 (0))
+‖w ◦Xt,ξ‖Cℓ,αδ ([s0,+∞)×S1) + ‖w ◦Xb,ξ‖Cℓ,αδ ((−∞,−s0]×S1)
and whih are invariant by the reetion symmetry aross the {x2 = 0} plane, i.e. w(p) = w(p¯)
for all p = (p1, p2, p3) ∈Mk(ξ), where p¯ := (p1,−p2, p3).
We remark that there is no weight on the planar end Em of Mk(ξ). In fat, we an ompatify
this end and onsider a weighted spae of funtions dened on a two-ended surfae. In the next
setion we will onsider normal perturbations of Mk(ξ) by funtions u ∈ C2,αδ and the planar end
Em will be just vertially translated.
The Jaobi operator. The Jaobi operator about Mk(ξ) is
LMk(ξ) := ∆Mk(ξ) + |AMk(ξ)|2
where |AMk(ξ)| is the norm of the seond fundamental form on Mk(ξ).
In the parametrization of the ends of Mk(ξ) introdued above, the volume form dvolMk(ξ) an
be written as γt ds dθ ( resp. γb ds dθ, γm dx1 dx2) near Et(ξ) (resp. Eb(ξ), Em). We dene
globally on Mk(ξ) a smooth funtion
γ : Mk(ξ) −→ [0,∞)
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that equals 1 on Mk(ξ, s0 − 1, 2ρ0) and equals γt (resp. γb, γm) on the end Et(ξ) (resp. Eb(ξ),
Em). Observe that
(γ ◦Xt,ξ)(s, θ) ∼ cosh2 s on Xt,ξ((s0,∞)× S1),
(γ ◦Xb,ξ)(s, θ) ∼ cosh2 s on Xb,ξ((−∞,−s0)× S1),
(γ ◦Xm)(x) ∼ |x|−4 on Bρ0 .
Granted the above dened spaes, one an hek that:
Lξ,δ : C2,αδ (Mk(ξ)) −→ C0,αδ (Mk(ξ))
w 7−→ γ LMk(ξ) (w)
is a bounded linear operator. The subsript δ is meant to keep trak of the weighted spae over
whih the Jaobi operator is ating. Observe that, the funtion γ is here to ounterbalane the
eet of the onformal fator
1√|gMk(ξ)| in the expression of the Laplaian in the oordinates we
use to parametrize the ends of the surfae Mk(ξ). This is preisely what is needed to have the
operator dened from the spae C2,αδ (Mk(ξ)) into the target spae C0,αδ (Mk(ξ)).
To have a better grasp of what is going on, let us linearize the nonlinear equation (5) at w = 0.
We get the expression of the Jaobi operator about the standard atenoid
LC :=
1
cosh2 s
(
∂2s + ∂
2
θ +
2
cosh2 s
)
.
We an observe that the operator cosh2 sLC maps the spae (cosh s)
δ C2,α((s0,+∞) × S1) into
the spae (cosh s)δ C0,α((s0,+∞)× S1).
Similarly, if we linearize the nonlinear equation (1) at u = 0, we obtain (see (2) with u = 0)
the expression of the Jaobi operator about the plane
LR2 := |x|4∆0.
Again, the operator |x|−4 LR2 = ∆0 learly maps the spae C2,α(B¯ρ0) into the spae C0,α(B¯ρ0).
Now, the funtion γ plays, for the ends of the surfae Mk(ξ), the role played by the funtion
cosh2 s for the ends of the standard atenoid and the role played by the funtion |x|−4 for the
plane. Sine the Jaobi operator about Mk(ξ) is asymptoti to LR2 at Em and is asymptoti
to LC at Et(ξ) and Eb(ξ), we onlude that the operator Lξ,δ maps C2,αδ (Mk(ξ)) into C0,αδ (Mk(ξ)).
We reall the notion of non degeneray introdued in [6℄:
Denition 2.4. The surfae Mk(ξ) is said to be non degenerate if Lξ,δ is injetive for all δ < −1.
It useful to observe that a duality argument in the weighted Lebesgue spaes, implies
(Lξ,δ is injetive) ⇔ (Lξ,−δ is surjetive)
provided δ /∈ Z. See [12, 22℄ for more details.
The non degeneray of Mk(ξ) follows from the study of the kernel of Lξ,δ.
The Jaobi elds. It is known that a smooth 1-parameter group of isometries ontaining the
identity generates a Jaobi eld, that is a solution of the equation LMk(ξ)u = 0. The solutions
whih are invariant under the ation of the reetion symmetry aross the {x2 = 0} plane, are
generated by dilations, vertial translations and horizontal translations along the x1-axis (we
refer [6℄ for details):
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• The group of vertial translations generated by the Killing vetor eld Ξ(p) = e3 gives
rise to the Jaobi eld Φ0,+(p) := n(p) · e3.
• The vetor eld Ξ(p) = p assoiated to the 1-parameter group of dilation, generates the
Jaobi elds Φ0,−(p) := n(p) · p.
• The Killing vetor eld Ξ(p) = e1 that generates the group of translations along the
x1-axis is assoiated to a Jaobi eld Φ
1,+(p) := n(p) · e1.
• Finally, we denote by Φ1,−(p) := n(p) · (e2 × p) the Jaobi eld assoiated to the Killing
vetor eld Ξ(p) = e2 × p that generates the group of rotations about the x2-axis.
There are other Jaobi elds we do not take into aount beause they are not invariant by the
reetion symmetry aross the {x2 = 0} plane.
With these notations, we dene the deieny spae
D := Span{χtΦj,±, χb Φj,± : j = 0, 1}
where χt is a uto funtion that is identially equal to 1 on Xt,ξ((s0 + 1,∞) × S1), identially
equal to 0 on Mk(ξ)−Xt,ξ((s0,∞)×S1) and that is invariant under the ation of the symmetry
with respet to the {x2 = 0} plane; and
χb(·) := χt(− ·).
Clearly,
L˜ξ,δ : C2,αδ (Mk(ξ))⊕D −→ C0,αδ (Mk(ξ))
w 7−→ γ LMk(ξ) (w)
is a bounded linear operator, for δ < 0.
A result of S. Nayatani [25, 26℄ extended by the seond author [24℄ states that any bounded Ja-
obi eld invariant by the reetion symmetry aross the {x2 = 0} plane, is linear ombination
of Φ0,+ and Φ1,+. This fat together with an adaptation to our setting of the linear deom-
position lemma proved in [17℄ for onstant mean urvature surfaes (see also [12℄ for minimal
hypersurfaes), allows us to prove the following result.
Proposition 2.5. We x δ ∈ (−2,−1). Then (reduing ξ0 if this is neessary) the operator L˜ξ,δ,
for |ξ| < ξ0, is surjetive and has a kernel of dimension 4.
From that we get the following one about the operator Lξ,δ
Proposition 2.6. We x δ ∈ (1, 2). Then (reduing ξ0 if this is neessary) the operator Lξ,δ
is surjetive and there exists Gξ,δ a right inverse for Lξ,δ that depends smoothly on ξ and in
partiular whose norm is bounded uniformly as |ξ| < ξ0.
3. Infinite dimensional family of minimal surfaes lose to Mk(ξ)
In this setion we onsider a trunature ofMk(ξ). First we write portions of the ends ofMk(ξ)
as vertial graphs over the {x3 = 0} plane.
Lemma 3.1 ([6℄). There exists ε0 > 0 suh that, for all ε ∈ (0, ε0) and all |ξ| 6 ε, an annular
part of the ends Et(ξ), Eb(ξ) and Em of Mk(ξ) an be written, respetively, as vertial graphs
over the annulus B2rε −Brε/2 for the funtions
Ut(r, θ) = σt,ξ + ln(2r)− ξ r cos θ +OC∞b (ε),
Ub(r, θ) = −σb,ξ − ln(2r)− ξ r cos θ +OC∞b (ε),
Um(r, θ) = OC∞b (r−(k+1)).
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Here (r, θ) are the polar oordinates in the {x3 = 0} plane. The funtions O(ε) are dened in
the annulus B2 rε −Brε/2 and are bounded in the C∞b topology by a onstant (independent on ε)
multiplied by ε, where the partial derivatives are omputed with respet to the vetor elds r ∂r
and ∂θ.
In partiular, a portion of the two atenoidal ends Et(ε/2) and Eb(ε/2) of Mk(ε/2) are graphs
over the annulus B2 rε −Brε/2 ⊂ {x3 = 0} for funtions Ut and Ub. We set
sε = −1
2
ln ε, ρε = 2ε
1/2
and
MTk (ε/2) = Mk(ε/2) −
(
Xt,ε/2((sε,+∞)× S1) ∪Xb,ε/2((−∞,−sε)× S1) ∪Xm(Bρε(0))
)
.
We prove, following setion 6 in [6℄, the existene of a family of surfaes lose to MTk (ξ). In
a rst step, we modify the parametrization of the ends Et(ε/2), Eb(ε/2), Em, for appropriates
values of s, so that, when r ∈ [3rε/4, 3rε/2] the urves orresponding to the image of
θ → (r cos θ, r sin θ, Ut(r, θ)), θ → (r cos θ, r sin θ, Ub(r, θ)),
θ → (r cos θ, r sin θ, Um(r, θ))
orrespond respetively to the urves {s = ln(2r)}, {s = − ln(2r)}, {ρ = 1r}.
The seond step is the modiation of the unit normal vetor eld on Mk(ε/2) to produe a
transverse unit vetor eld n˜ε/2 in suh a way that it oinides with the normal vetor eld nε/2
on Mk(ε/2), is equal to e3 on the graph over B3rε/2 − B3rε/4 of the funtions Ut and Ub and
interpolate smoothly between the dierent denitions of n˜ε/2 in dierent subsets of M
T
k (ε/2).
Finally we observe that lose to Et(ε/2), we an give the following estimate:
(10)
∣∣cosh2 s (LMk(ε/2)v − cosh−2 s (∂2ssv + ∂2θθv))∣∣ 6 c ∣∣cosh−2 s v∣∣ .
This follows easily from (5) together with the fat that wt,ξ (see (7)) deays at least like cosh
−2 s
on Et(ε/2). Similar onsiderations hold lose the bottom end Eb(ε/2). Near the middle planar
end Em, we observe that the following estimate holds:
(11)
∣∣|x|−4 (LMk(ε/2)v − |x|4∆0v)∣∣ 6 c ∣∣∣|x|2k+3∇v∣∣∣ .
This follows easily from (2) together with the fat that um deays at least like |x|k+1 on Em.
The graph of a funtion u, using the vetor eld n˜ε/2, will be a minimal surfae if and only if
u is a solution of a seond order nonlinear ellipti equation of the form
LMTk (ε/2)
u = L˜ε/2 u+Qε (u)
where LMTk (ε/2)
is the Jaobi operator aboutMTk (ε/2), Qε is a nonlinear seond order dierential
operator and L˜ε/2 is a linear operator whih takes into aount the hange of the normal vetor
eld (only for the top and bottom ends) and the hange of the parametrization. This operator is
supported in a neighborhoods of {±sε} × S1, where its oeients are uniformly bounded by a
onstant times ε2, and a neighborhood of {ρε}×S1 where its oeients are uniformly bounded
by a onstant times ε3.
Now, we onsider three even funtions ϕt, ϕb, ϕm ∈ C2,α(S1) suh that ϕt, ϕb are L2-orthogonal
to 1 and θ → cos θ while ϕm is L2-orthogonal to 1. Assume that they satisfy
(12) ‖ϕt‖C2,α + ‖ϕb‖C2,α + ‖ϕm‖C2,α 6 κ ε.
We set Φ := (ϕt, ϕb, ϕm) and we dene wΦ to be the funtion equal to:
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(1) χ+(s)Hϕt(sε − s, ·) on the image of Xt,ε/2, where χ+ is a ut-o funtion equal to 0 for
s 6 s0 + 1 and identially equal to 1 for s ∈ [s0 + 2, sε],
(2) χ−(s)Hϕb(s − sε, ·) on the image of Xb,ε/2, where χ− is a ut-o funtion whih equals
0 for s > −s0 − 1 and 1 for s ∈ [−sε,−s0 − 2],
(3) χm(r) H˜ρε,ϕm(·, ·) on the image of Xm, where χm is a ut-o funtion equal to 0 for r > ρ0
and to 1 for ρ ∈ [ρε, ρ0/2],
(4) 0 in the remaining part of the surfae MTk (ε/2),
where H˜ and H are, respetively, harmoni extensions of the operators introdued in Proposi-
tions 9.2 and 9.4 of Appendix A.
We would like to prove that, under appropriates hypothesis, the graph over MTk (ε/2) of the
funtion u = wΦ + v is a minimal surfae. This is equivalent to solve the equation:
LMTk (ε/2)
(wΦ + v) = L˜ε/2(wΦ + v) +Qε(wΦ + v).
The resolution of the previous equation is obtained thanks to the following xed point problem:
(13) v = T (Φ, v)
with
T (Φ, v) = Gε/2,δ ◦ Eε
(
γ
(
L˜ε/2(wΦ + v)− LMTk (ε/2) wΦ +Qε(wΦ + v)
))
,
where δ ∈ (1, 2), the operator Gε/2,δ is the right inverse provided in Proposition 2.6 and Eε is a
linear extension operator
Eε : C0,αδ (MTk (ε/2)) −→ C0,αδ (Mk(ε/2)),
(here C0,αδ (MTk (ε/2)) denotes the spae of funtions of C0,αδ (Mk(ε/2)) restrited toMTk (ε/2)) suh
that Eεv = v in MTk (ε/2), Eεv = 0 in the image of [sε + 1,+∞) × S1 by Xt,ε/2, in the image of
(−∞,−sε− 1)×S1 by Xb,ε/2 and in the image of Bρε/2×S1 by Xm, and Eεv is an interpolation
of these values in the remaining part of Mk(ε/2):
(Eεv) ◦Xt,ε/2(s, θ) = (1 + sε − s)(v ◦Xt,ε/2(sε, θ)), for (s, θ) ∈ [sε, sε + 1]× S1
(Eεv) ◦Xb,ε/2(s, θ) = (1 + sε + s)(v ◦Xb,ε/2(sε, θ)) for (s, θ) ∈ [−sε − 1,−sε]× S1
(Eεv) ◦Xm(ρ, θ) =
(
2
ρε
ρ− 1
)
(v ◦Xm(ρε, θ)) for (ρ, θ) ∈ [ρε/2, ρε]× S1.
Remark 3.2. As onsequene of the properties of Eε, if supp v ∩
(
Bρε −Bρε/2
) 6= ∅ then
‖(Eεv) ◦Xm‖C0,α(B¯ρ0 ) 6 cρ
−α
ε ‖v ◦Xm‖C0,α(Bρ0−Bρε).
This phenomenon of explosion of the norm does not our near the atenoidal type ends:
‖(Eεv) ◦Xt,ε/2‖C0,α([s0,+∞)×S1) 6 c‖v ◦Xt,ε/2‖C0,α([s0,sε]×S1).
A similar equation holds for the bottom end.
In the following we will assume α > 0 and lose to zero.
The existene of a solution v ∈ C2,αδ (MTk (ε/2)) for the equation (13) is a onsequene of the
following result whih proves that T is a ontrating mapping.
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Proposition 3.3. There exist onstants cκ > 0 and εκ > 0, suh that
(14) ‖T (Φ, 0)‖C2,αδ (M
T
k (ε/2)) 6 cκ ε
3/2
and, for all ε ∈ (0, εκ) and 0 < α < 12 ,
‖T (Φ, v2)− T (Φ, v1)‖C2,αδ (Mk(ε/2)) 6
1
2
‖v2 − v1‖C2,αδ (Mk(ε/2)),
(15) ‖T (Φ2, v) − T (Φ1, v)‖C2,αδ (Mk(ε/2)) 6 cε ‖Φ2 − Φ1‖C2,α(S1),
where
‖Φ2 − Φ1‖C2,α(S1) = ‖ϕt,2 − ϕt,1‖C2,α(S1)
+‖ϕb,2 − ϕb,1‖C2,α(S1) + ‖ϕm,2 − ϕm,1‖C2,α(S1)
for all v, v1, v2 ∈ C2,αδ (MTk (ε/2)) and satisfying ‖v‖C2,αδ 6 2 cκ ε
3/2
and for all boundary data
Φ,Φ1,Φ2 ∈ [C2,α(S1)]3 satisfying (12).
Proof. We reall that the Jaobi operator assoiated to Mk(ε/2), is asymptoti to the operator
of the atenoid near the atenoidal ends, and it is asymptoti to the laplaian near of the planar
end. The funtion wΦ is identially zero far from the ends where the expliit expression of
LMk(ε/2) is not known: this is the reason of our partiular hoie in the denition of wΦ. Then
from the denition of wΦ, thanks to Proposition 2.6, to (10) and (11), we obtain the estimate
‖Eε
(
γLMTk (ε/2)
wΦ
)
‖C0,αδ (Mk(ε/2)) =
6 c
∣∣∣∣cosh−2 s (wΦ ◦Xt,ε/2)∣∣∣∣C0,αδ ([s0+1,sε]×S1) + c ∣∣∣∣cosh−2 s (wΦ ◦Xb,ε/2)∣∣∣∣C0,αδ ([−sε,−s0−1]×S1)+
cε−
α
2
∣∣∣∣∣∣ρ2k+3∇(wΦ ◦Xm)∣∣∣∣∣∣C0,α([ρε,ρ0]×S1) 6 cκε3/2.
Using the properties of L˜ε/2, we obtain
‖Eε
(
γL˜ε/2 wΦ
)
‖C0,αδ (Mk(ε/2)) 6 cε‖wΦ ◦Xt,ε/2‖C0,αδ ([s0+1,sε]×S1)
+ cε‖wΦ ◦Xb,ε/2‖C0,αδ ([−sε,−s0−1]×S1) + cε
1−α/2‖wΦ ◦Xm‖C0,α([ρε,ρ0]×S1) 6 cκε3/2.
As for the last term, we reall that the operator Qε has two dierent expressions if we onsider
the atenoidal type end and the planar end (see (5) and (4)). It holds that
‖Eε (γQε (wΦ)) ‖C0,αδ (Mk(ε/2)) 6 ckε
3/2.
Details are left to the reader. ✷
Theorem 3.4. Let be B := {w ∈ C2,αδ (Mk,ε) | ||w||2,α 6 2cκε3/2}. Then the nonlinear mapping
T dened above has a unique xed point v in B.
Proof. The previous lemma shows that, if ε is hosen small enough, the nonlinear mapping T
is a ontration mapping from the ball B of radius 2cκε
3/2
in C2,αδ (MTk (ε/2)) into itself. This
value follows from the estimate of the norm of T (Φ, 0). Consequently thanks to Shäuder xed
point theorem, T has a unique xed point w in this ball. 
This argument provides a minimal surfae MTk (ε/2,Φ) whih is lose to M
T
k (ε/2) and has three
boundaries. This surfae is, lose to its upper and lower boundary, a vertial graph over the
annulus Brε −Brε/2 whose parametrization is, respetively, given by
Ut(r, θ) = σt,ε/2 + ln(2r) +
ε
2
r cos θ +Hϕt(sε − ln 2r, θ) + Vt(r, θ),
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Ub(r, θ) = −σb,ε/2 − ln(2r) +
ε
2
r cos θ +Hϕb(sε − ln 2r, θ) + Vb(r, θ),
where sε = −12 ln ε. The boundaries of the surfae orrespond to rε = 12 ε−1/2. Nearby the middle
boundary the surfae is a vertial graph over the annulus Brε −Brε/2, Its parametrization is
Um(r, θ) = H˜ρε,ϕm(1/r, θ) + Vm(r, θ),
where ρε = 2ε
1/2. All the funtions Vi for i = t, b,m depend non linearly on ε, ϕ.
Lemma 3.5. The funtions Vi(ε, ϕi), for i = t, b, satisfy ‖Vi(ε, ϕi)(rε·, ·)‖C2,α(B¯2−B1/2) 6 cε and
(16) ‖Vi(ε, ϕi,2)(rε·, ·) − Vi(ε, ϕi,1)(rε·, ·)‖C2,α(B¯2−B1/2) 6 cε1−δ/2‖ϕi,2 − ϕi,1‖C2,α
The funtion Vm(ε, ϕ) satises ‖Vm(ε, ϕ)(ρε·, ·)‖C2,α(B¯2−B1/2) 6 cε and
(17) ‖Vm(ε, ϕm,2)(ρε·, ·)− Vm(ε, ϕm,1)(ρε·, ·)‖C2,α(B¯2−B1/2) 6 cε‖ϕm,2 − ϕm,1‖C2,α
Proof. The wanted estimates follow from
‖Vi(ε, ϕ2)(·, ·) − Vi(ε, ϕ1)(·, ·)‖C2,α(B¯2rε−Brε/2) 6 ce
δsε‖T (Φ2, Vi)− T (Φ1, Vi)‖C2,αδ (Ei(ε/2)),
for i = t, b, together with
‖Vm(ε, ϕ2)(·, ·) − Vm(ε, ϕ1)(·, ·)‖C2,α(B¯2ρε−Bρε/2) 6 c‖T (Φ2, Vm)− T (Φ1, Vm)‖C2,α(Em)
and the estimate (15) of Proposition 3.3. ✷
4. An infinite family of Sherk type minimal surfaes lose to a horizontal
periodi flat annuli
This setion has two purposes. The rst one is to nd an innite family of minimal surfaes
lose to a horizontal periodi at annuli Σ with a disk Ds removed. The surfaes of this family
have two horizontal Sherk-type ends E1, E2 and will be glued on the middle planar end of a
CHM surfae. We will presribe the boundary data ϕ on ∂Ds. Assume the period T of Σ points
to the x2-diretion. Then E1, E2 have the x1-axis as asymptoti diretion.
The seond and more general purpose of this setion is to show the existene of an innite
family of minimal graphs over Σ−Ds whose ends have slightly modied asymptoti diretions.
When the asymptoti diretions are not horizontal, these surfaes are lose to half a Sherk
surfae, seen as a graph over Σ −Ds (see Figure 2, above). A piee of one suh surfae will be
glued to the atenoidal ends of a CHM example Mk and to an end of a KMR example Mσ,0,0.
We will presribe the boundary data on ∂Ds. Sine we need to presribe the ux along ∂Ds, we
will modify the asymptoti diretion of the ends and we will hoose |T | large.
4.1. Sherk type ends. We parametrize onformally the annulus Σ ⊂ R3/T on C∗, with the
notation (x1, x2, x3) = (x1 + ix2, x3), by the mapping
A(w) =
(
−|T |
2π
ln(w), 0
)
, w ∈ C∗.
The horizontal Sherk-type end E1 desribed above an be written as the graph of a funtion
h1 ∈ C2,α(B∗r (0)), where B∗r (0) is the puntured disk Br(0)−{0} of radius r ∈ (0, 1) entered at
the origin. The funtion h1(w) is bounded and extends to the punture (see [7℄). The end E1
an be parameterized by
X1(w) = A(w) + h1(w)e3 =
(
−|T |
2π
ln(w), h1(w)
)
∈ R3/T, w ∈ B∗r (0),
in the orthonormal frame F = (e1, e2, e3). The asymptoti diretion of the end is e1.
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The horizontal Sherk-type end E2 an be similarly parameterized in C − Br−1(0). Via an
inversion, we an parametrize E2 by
X2(w) =
(
−|T |
2π
ln(w), h2(w)
)
∈ R3/T, w ∈ B∗r (0),
in the frame F− = (−e1,−e2, e3), where h2 ∈ C2,α(B∗r (0)) is a bounded funtion whih an be
extended to the punture. Now the asymptoti diretion of the end is −e1.
Let us now parametrize a general Sherk-type end, non neessarily horizontal. Let Rθ denote
a rotation in R
3/T by angle θ about the x2-axis (oriented by e2). We an paremetrize a non
neessarily horizontal Sherk-type end E˜1 with asymptoti diretion cos θ1 e1+sin θ1 e3 and limit
normal vetor Rθ1(e3), with θ1 ∈ [0, π/2), by
X˜1(z) =
(
−|T |
2π
ln(z), h˜1(z)
)
, z ∈ B∗r (0)
in the frame F(θ1) = Rθ1F , where h˜1 ∈ C2,α(B∗r (0)) is a bounded funtion whih an be extended
to the origin.
Finally, a Sherk-type end E˜2 with asymptoti diretion − cos θ2 e1+sin θ2 e3 and limit normal
vetor R−θ2(e3), with θ2 ∈ [0, π/2), an be parameterized by
X˜2(z) =
(
−|T |
2π
ln(z), h˜2(z)
)
, z ∈ B∗r (0)
in the frame F−(θ2) = R−θ2F−, where h˜2 ∈ C2,α(B∗r (0)) is a bounded funtion whih an be
extended to the origin.
4.2. Constrution of the innite families. Given r ∈ (0, 1) and Θ = (θ1, θ2) ∈ [0, θ0]2, with
θ0 > 0 small, we denote by AΘ : C
∗ → R3/T the immersion obtained as smooth interpolation of
AΘ(z) =
 (Rθ1 ◦A)(z) if |z| < r/2,A(z) if r < |z| < r−1,
(R−θ2 ◦ A)(z) if |z| > 2r−1.
Let NΘ be the vetor eld obtained as smooth interpolation of Rθ1(e3) on {|z| < r/2}, e3 on
{r < |z| < r−1} and R−θ2(e3) on {|z| > 2r−1}. For any h ∈ C2,α(C¯), we dene the immersion
XΘ,h(z) = AΘ(z) + h(z)NΘ(z), z ∈ C∗.
The immersion XΘ,h has two Sherk-type ends E1, E2 with asymptoti diretions cos θ1 e1 +
sin θ1 e3 and − cos θ2 e1 + sin θ2 e3, respetively.
At the end E1 (resp. E2), XΘ,h(z) = A(z) + h1(z)e3 in the orthogonal frame F(θ1) ( resp.
XΘ,h(z) = A(z
−1) + h2(z)e3 in the frame F−(θ2)), with z ∈ B∗r (0), where h1(z) = h(z) and
h2(z) = h(z
−1). In [7℄ has been proven that the mean urvature of XΘ,h at Ei is given in terms
of the z-oordinate by
2H =
4π2|z|2
|T |2 div0(P
−1/2∇0hi),
where P = 1 + 4π
2|z|2
|T |2 ‖∇0hi‖20 and the subindex ·0 means that the orresponding objet is
omputed with respet to the at metri of the z-plane. We denote by λ the smooth funtion
without zeroes dened by λ(z) = |T |
2
4π2|z|2 , for z ∈ B∗r (0). Then at Ei we have
2λH = P−1/2∆0hi − 1
2
P−3/2〈∇0P,∇0hi〉0.
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So the mean urvature at the end Ei vanishes if hi satises the equation
(18) ∆0h− 1
2P
〈∇0P,∇0h〉0 = 0.
Denition 4.1. Given k ∈ N and α ∈ (0, 1) we dene Ck,α(C¯) as the spae of funtions u ∈
Ck,αloc (C¯) suh that
||u||Ck,α(C¯) := [u]k,α,C¯ < +∞,
where [u]k,α,C¯ denotes the usual C
k,α
Hölder norm on C¯.
Let Bs be the disk of radius s in C
∗
suh that Ds = A(Bs) ⊂ Σ = {z ∈ C | − |T | < 2y 6
|T |} is a geodesi disk entered at the origin of R3/T . Denote by Ck,α(C¯ − Bs) the spae of
funtions in Ck,α(C¯) restrited to C¯ − Bs. We denote by H(Θ, h) the mean urvature of XΘ,h,
and H¯(Θ, h) = λH(Θ, h), where λ is the smooth funtion dened in a neighbourhood at eah
punture by λ(z) = |T |
2
4π2|z|2 . Lemma 4.1 of [7℄ shows that
H¯ : R2 × C2,α(C¯−Bs) −→ C0,α(C¯−Bs)
is an analytial operator. Denote by LΘ the Jaobi operator about AΘ. We set L¯Θ = λLΘ.
Remark 4.2. The operators H and LΘ are the mean urvature operator and the Jaobi operator
with respet to the metri |dz|2 of C¯. Dening the operators H¯ = λH and L¯Θ = λLΘ means
to onsider a dierent metri on C¯. Atually H¯ and L¯Θ are the mean urvature operator and
Jaobi operator with respet to the metri gλ = |dz|2/λ. From the denition of λ, it follows that
the volume of C¯ with respet this metri is nite.
L¯Θ is a seond order linear ellipti operator satisfying |L¯Θu−∆u| 6 c(|θ1|+ |θ2|)|u| and the
oeients of FΘ = ∆− L¯Θ have ompat support.
Now we x s0 > 0. Given ε > 0 and |T | ∈ [4/
√
ε,+∞) large enough, we hoose s ∈ (0, s0)
suh that Ds = A(Bs) is the geodesi disk of radius 1/2
√
ε entered at the origin.
Proposition 4.3. There exists ε0 > 0 and η0 > 0 suh that for every ε ∈ (0, ε0) and every
|T | ∈ (η0,+∞), there exists an operator
Gε,|T | : C0,α(C¯−Bs) −→ C2,α(C¯−Bs)
suh that, given f ∈ C0,α(C¯ −Bs), w = Gε,|T |f satises{
∆w = f on C¯−Bs
w ∈ Span{1} on ∂Bs
and ||w||C2,α ≤ c||f ||C0,α for some onstant c > 0 whih does not depend on ε, |T |.
Proof. Let be u a solution of ∆u = f on C¯ − Bs with u = 0 on ∂Bs. We set w = u −∫
C¯−Bs u dvolgλ . We reall that the metri in use on C¯ is given by gλ = |dz|2/λ. With respet to
this metri vol(C¯ − Bs) < +∞ and
∫
C¯−Bs u dvolgλ < ∞. So the funtion w is well dened and
then
∫
C¯−Bs w dvolgλ = 0 and w ∈ Span{1} on ∂Bs. If the theorem is false, there is a sequene of
funtions fn, of solutions wn and of real numbers sn suh that
sup
C¯−Bsn
|fn| = 1, An := sup
C¯−Bsn
|wn| → +∞ as n→ +∞,
where sn ∈ [0, s0]. Now we set w˜n := wn/An. Ellipti estimates imply that sn and w˜n onverge
up to a subsequene, respetively, to s∞ ∈ [0, s0] and to w˜∞ on C¯−Bs∞ . This funtion satises
∆w˜∞ = 0.
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Then w˜∞ = const on C¯−Bs∞ and
∫
C¯−Bs∞ w˜∞ dvolgλ = 0, a ontradition with sup |˜w∞| = 1. ✷
Now we x |T | > 4/√ε, Θ ∈ (0, ε)2, sε = 12√ε and let ϕ ∈ C2,α(S1) be even (or odd) L2-
orthogonal to the funtion z → 1, with ‖ϕ‖C2,α(S1) 6 κε. Let wϕ = H˜sε,ϕ (see proposition 9.2)
be the unique bounded harmoni extension of ϕ. We would like to solve the minimal surfae
equation H(Θ, v + wϕ) = 0 with xed boundary data ϕ, presribed asymptoti diretion Θ and
with period |T |. Then we have to solve the equation:
∆v = FΘ(v + wϕ) +QΘ(v +wϕ)
with QΘ a quadrati term suh that |QΘ(v1) − QΘ(v2)| 6 c|v1 − v2|2. The resolution of the
previous equation is obtained by showing the existene of a xed point
v = S(Θ, ϕ, v)
where
S(Θ, ϕ, v) = Gε,|T |(FΘ(v + wϕ) +QΘ(v + wϕ)).
Proposition 4.4. There exists cκ > 0 and εκ > 0 suh that for all |T | > 4/
√
ε we have
||S(Θ, ϕ, 0)||C2,α 6 cκε2
and for all ε ∈ (0, εκ),
||S(Θ, ϕ, v1)− S(Θ, ϕ, v2)||C2,α 6
1
2
||v2 − v1||C2,α
||S(Θ, ϕ1, v)− S(Θ, ϕ2, v)||C2,α 6 cε||ϕ2 − ϕ1||C2,α
for all v, v1, v2 ∈ C2,α(C¯−Bs) and satisfying ||v||C2,α 6 2cκε2, for all boundary data ϕ,ϕ1, ϕ2 ⊥ 1,
whose norm is bounded by a onstant κ times ε and for all Θ = (θ1, θ2) suh that |θ1|+ |θ2| 6 ε.
Proof. Using the proposition 4.3, the inequality |L¯u−∆u| 6 c(|θ1|+ |θ2|)|u| and the quadrati
behavior of QΘ we derive the estimate of the proposition. The details of the proof are left to the
reader. 
On the set B2sε − Bsε , the funtion U = v + H˜sε,ϕ is the solution of the equation (18). Using
the vertial translation c0e3 we an x the value c0 + ϕ at the boundary:
U = c0 + H˜sε,ϕ + v.
Using Shäuder estimate for the equation on a xed bounded domain
||v(ϕ1)− v(ϕ2)||C2,α(C¯−Bs) 6 cκε||ϕ1 − ϕ2||C2,α(S1).
This an be done uniformly in (θ1, θ2). We observe that the funtion U grows logarithmially
lose ∂Bsε . The hypothesis of orthogonality of ϕ to the onstant funtion, implies that the
funtion wϕ enjoys the same property and is bounded. It is not the ase of v whih an be
seen as the sum of a bounded funtion whih is orthogonal to the onstant and a funtion of
the form c ln(r/sε), where c = c(|T |, θ1, θ2), dened in a neighbourhood of ∂Bsε . We are able to
determine c using ux formula. Let γ1, γ2 be two losed urves in Σ¯/T hosen in suh a way to
orrespond by the onformal mapping to the boundaries of two irular neighbourhoods N1, N2
of the puntures orresponding to the ends with linear growth. Let S = C¯−(Bsε∪N1∪N2). Now
we observe that, being X the parametrization of a minimal surfae, then the following equality
holds: ∫
S
∆X = 0.
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Thanks to the divergene theorem, if Γ = ∂S, then∫
S
∆X =
∫
Γ
∂X
∂η
ds =
∫
γ1
∂X
∂η
ds+
∫
γ2
∂X
∂η
ds+
∫
∂Bsε
∂X
∂η
ds = 0,
where η denotes the onormal along Γ. This equality implies∫
∂Bsε
∂U
∂η
ds = − sin θ1|T | − sin θ2|T |.
By integration we an onlude that on B2sε −Bsε , it holds that
U = −|T |
2π
(sin θ1 + sin θ2) ln(r/sε) + c0 + wϕ + v
⊥.
with v⊥ ⊥ 1. Now we hoose |T | suh that |T |2π (sin θ1 + sin θ2) = 1.
We observe that, if θ2 = θ1 = 0, we an state that there exists an innite family of minimal
surfaes whih are lose to the surfae Σ −Dsε . We denote by Sm(ϕ) one of suh surfaes. It
an be seen as the graph about B2sε −Bsε of the funtion
U¯m(r, θ) = c0 + H˜sε,ϕ(r, θ) + V¯m
where Vm = OC2,αb (ε) and it satises
(19) ||V¯m(ϕ1)− V¯m(ϕ2)||C2,α(B2sε−Bsε ) 6 cκε||ϕ1 − ϕ2||C2,α(S1),
for ϕ2, ϕ1 ∈ C2,α(S1).
If (θ2, θ1) 6= 0, we an state that there exists an innite family of minimal surfaes whih are
lose to the periodi Sherk type example. After a vertial translation, they an be seen as the
graph about B2sε −Bsε of the funtion
U¯t(r, θ) = − ln(2r) + c0 + H˜sε,ϕ(r, θ) + V¯t
where V¯t = OC2,αb (ε) and it satises
(20) ||V¯t(ϕ1)− V¯t(ϕ2)||C2,α(B2sε−Bsε ) 6 cκε||ϕ1 − ϕ2||C2,α(S1),
for ϕ2, ϕ1 ∈ C2,α(S1).
Remark 4.5. If the boundary data ϕ is an even funtion, it is lear the surfaes we have just
desribed are symmetri with respet to the vertial plane x2 = 0. Instead, if the boundary data
ϕ is an odd funtion and θ1 = θ2 the surfaes are symmetri with respet to the vertial plane
x1 = 0.
5. KMR examples
In this setion, we briey present the KMR examples Mσ,α,β studied in [13, 14, 21, 30℄ (also
alled toroidal halfplane layers), whih are the only properly embedded doubly periodi minimal
surfaes with genus one and nitely many parallel (Sherk-type) ends in the quotient (see [27℄).
For eah σ ∈ (0, π2 ), α ∈ [0, π2 ] and β ∈ [0, π2 ] with (α, β) 6= (0, σ), onsider the retangular
torus Σσ =
{
(z, w) ∈ C2 | w2 = (z2 + λ2)(z2 + λ−2)
}
, where λ = λ(σ) = cot σ2 > 1. The KMR
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example Mσ,α,β is determined by its Gauss map g and the dierential of its height funtion h,
whih are dened on Σσ and given by:
g(z, w) =
az + b
i(a− bz) , dh = µ
dz
w
,
with
(21)
a = a(α, β) = cos α+β2 + i cos
α−β
2 ;
b = b(α, β) = sin α−β2 + i sin
α+β
2 ;
µ = µ(σ) = π cscσ
K(sin2 σ)
,
where K(m) =
∫ π
2
0
1√
1−m sin2 u
du , 0 < m < 1, is the omplete ellipti integral of rst kind. Suh
µ has been hosen so that the vertial part of the ux ofMσ,α,β along any horizontal level setion
equals 2π.
Remark 5.1. The following statements give us a better understanding of the geometrial meaning
of a, b dened above:
(i) b→ 0 if and only if α→ 0 and β → 0, in whih ase a→ 1 + i.
(ii) |b|2 + |a|2 = 2.
(iii) When β = 0, then a = (1 + i) cos α2 and b = (1 + i) sin
α
2 . In partiular, b = O(α).
(iv) When α = 0, then a = (1 + i) cos β2 and b = (−1 + i) sin β2 . In partiular, b = O(β).
(v) In general,
∣∣ b
a
∣∣ = tan ϕ2 , where ϕ is the angle between the North Pole (0, 0, 1) ∈ S2 and
the pole of g seen in S2 via the inverse of the stereographi projetion.
The KMR example Mσ,α,β an be parametrized on Σσ by the immersion X = (X1,X2,X3) =
ℜ ∫ W, where W is the Weierstrass form:
W =
(
1
2
(
1
g
− g
)
dh,
i
2
(
1
g
+ g
)
dh, dh
)
.
The ends of Mσ,α,β orrespond to the puntures {A,A′, A′′, A′′′} = g−1({0,∞}), and the branh
values of g are those with w = 0, i.e.
(22) D = (−iλ, 0), D′ = (iλ, 0), D′′ = ( iλ , 0), D′′′ = (− iλ , 0).
Seen in S
2
, these points form two pairs of antipodal points: D′′ = −D and D′′′ = −D′ and eah
KMR example an be given in terms of the branh values of its Gauss map (see [30℄).
In [30℄, it is proven that the above Weierstrass data dene a properly embedded minimal
surfae Mσ,α,β invariant by two independent translations: the translation by the period T at
its ends, and the translation by the period T˜ along a homology lass. Moreover, the group of
isometries Iso(Mσ,α,β) of Mσ,α,β always ontains a subgroup isomorphi to (Z/2Z)
2
, with gener-
ators D (orresponding to the dek transformation (z, w) 7→ (z,−w)), whih represents in R3 a
entral symmetry about any of the four branh points of the Gauss map of Mσ,α,β; and F , whih
onsists of a translation by
1
2 (T + T˜ ). In partiular, the ends of Mσ,α,β are equally spaed.
We are going to fous on two more symmetri subfamilies of KMR examples: {Mσ,α,0 | 0 < σ <
π
2 , 0 6 α 6
π
2 } and {Mσ,0,β | 0 < σ < π2 , 0 6 β < σ} (these two families were originally studied
by Karher [13, 14℄).
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Figure 3. Left: Mσ,0,0, with σ =
π
4 . Right: Mσ,α,0 for σ = α =
π
4 .
Figure 4. Mσ,0,β , where σ =
π
4 and β =
π
8 .
(1) When α = β = 0, Mσ,0,0 ontains four straight lines parallel to the x1-axis, and
Iso(Mσ,0,0) is isomorphi to (Z/2Z)
4
with generators S1, S2, S3, RD: S1 is a reetion
symmetry in a vertial plane orthogonal to the x1-axis; S2 is a reetion symmetry
aross a plane orthogonal to the x2-axis; S3 is a reetion symmetry in a horizontal
plane (these three planes an be hosen meeting at a ommon point whih is not on-
tained in the surfae); and RD is the π-rotation around one of the four straight lines
ontained in the surfae, see Figure 3 left. In this ase, T = (0, πµ, 0).
(2) When 0 < α < π2 , Iso(Mσ,α,0) is isomorphi to (Z/2Z)
3
, with generators D, S2 and R2,
where S2 represents a reetion symmetry aross a plane orthogonal to the x2-axis, and
R2 is a π-rotation around a line parallel to the x2-axis that uts Mσ,α,0 orthogonally, see
Figure 3 right. Now T = (0, πµtα, 0), with tα =
sinσ√
sin2 σ cos2 α+sin2 α
.
(3) Suppose that 0 < β < σ. Then Mσ,0,β ontains four straight lines parallel to the x1-axis,
and Iso(Mσ,0,β) is isomorphi to (Z/2Z)
3
, with generators S1, R1 and RD: S1 represents
a reetion symmetry aross a plane orthogonal to the x1-axis; R1 orresponds to a
π-rotation around a line parallel to the x1-axis that uts the surfae orthogonally; and
RD is the π-rotation around any one of the straight lines ontained in the surfae, see
Figure 4. Moreover, T = (0, πµtβ , 0), where tβ = sinσ√
sin2 σ−sin2 β
.
Finally, it will be useful to see Σσ as a branhed 2-overing of C through the map (z, w) 7→ z.
Thus Σσ an be seen as two opies C1,C2 of C glued along two ommon uts γ1, γ2, whih an
be taken along the imaginary axis: γ1 from D to D
′
and γ2 from D
′′
to D′′′.
5.1. Mσ,α,β as a graph over {x3 = 0}/T . The KMR examples Mσ,α,β onverge as (σ, α, β) →
(0, 0, 0) to a vertial atenoid, sine Σσ onverges to two pinhed spheres, g(z)→ z and dh→ ±dzz
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as (σ, α, β) → (0, 0, 0). In fat, we an obtain two atenoids in the limit, depending on the hoie
of branh for w (for eah opy of C in Σσ, we obtain one atenoid in the limit). One of our aims
along this paper onsists of gluing KMR examples Mσ,α,0 or Mσ,0,β near this atenoidal limit, to
a onvenient ompat piee of a deformed CHM surfae Mk(ε/2). In this subsetion we express
part of Mσ,α,β as a vertial graph over the {x3 = 0} plane when σ, α, β are small.
Consider Mσ,α,β near the atenoidal limit, i.e. σ, α, β lose to zero. Without lost of generality,
we an assume dh ∼ dzz in C1. We are studying the surfae in an annulus about one of its ends,
say a zero of its Gauss map.
Lemma 5.2. Consider α+ β + σ 6 ε small. Up to translations, Mσ,α,β an be parametrized in
the annulus {(z, w) ∈ Σσ | z ∈ C1, | ba | < |z| < ν} (for ν > | ba | small) as: X1 + iX2 =
−1
2
(
z + 1z
)− (1+i)b
4z2
+O(εz−1 + ε2z−3)
X3 = ln |z|+O(ε2z−2),
Proof. Reall we have assumed dh ∼ dzz in the annulus we are working on. More preisely,
we have
dh = µdz√
(z2+λ2)(z2+λ−2)
= µ
λ
√
1+λ−2z2+λ−2z−2+λ−4
dz
z .
Sine
µ
λ =
π
(1+cos(σ))K(sin2 σ)
= 1 +O(σ4), and λ = cot σ2 = O(ε), we get
dh =
dz
z
(1 +O(ε4))(1 +O(ε2z2 + ε2z−2 + ε4)).
Sine |z| < ν < 1, then
dh =
dz
z
(1 +O(ε2z−2)).
Fix any point z0 ∈ C1, z0 6∈
{
−b
a ,
a
b
}
(whih orrespond to two ends of the KMR example), and
reall that g = az+b
i(a−bz) . Straightforward omputations give us, for |b/a| < |z| < 1,
• ∫ zz0 dhg = − i ba ln z − 2ia2z + 2i ba3z2 + C1 +O(ε2z−3),
• ∫ zz0 g dh = − i ba ln z − 2ia2 z + C2 +O(ε2z−1),
where C1, C2 ∈ C verify C1−C2 = 12
(
z0 +
1
z0
)
+O(ε). Taking into aount that a = (1+i)+O(ε),
we obtain
X1 + iX2 =
1
2
(∫ z
z0
dh
g −
∫ z
z0
g dh
)
= i
a2
(
z + 1z
)
+ i ba ln |z| − i ba3z2 + 12
(
z0 +
1
z0
)
+O(ε2z−3)
= −12
(
z + 1z
)− (1+i)b
4z2
+ 12
(
z0 +
1
z0
)
+O(εz−1 + ε2z−3).
Similarly,
∫ z
z0
dh = ln z − ln z0 +O(ε2z−2), hene
X3 = ℜ
∫ z
z0
dh = ln |z| − ln |z0|+O(ε2z−2),
whih ompletes the proof of lemma 5.2. 
By suitably translating Mσ,α,β, we an assume its oordinate funtions are as in Lemma 5.2.
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Lemma 5.3. Let (r, θ) denote the polar oordinates in the {x3 = 0} plane. If α + β + σ 6 ε
small, then a piee of Mσ,α,β an be written as a vertial graph of the funtion
U˜(r, θ) = − ln(2r) + r(κ1 cos θ − κ2 sin θ)+O(ε),
for (r, θ) ∈ ( 1
4
√
ε
, 4√
ε
) × [0, 2π), where κ1 = ℜ(b) + ℑ(b) and κ2 = ℜ(b) − ℑ(b). We denote by
Mσ,α,β(γ, ξ) the KMR example Mσ,α,β dilated by 1 + γ, for γ 6 0 small, and translated by a
vetor ξ = (ξ1, ξ2, ξ3). Then, Mσ,α,β(γ, ξ) an be written as a vertial graph of
U˜γ,ξ(r, θ) = −(1 + γ) ln 2r
1 + γ
+ r (κ1 cos θ − κ2 sin θ)− 1 + γ
r
(ξ1 cos θ + ξ2 sin θ) + ξ3 +O(ε).
Remark 5.4. Reall that b = sin α−β2 + i sin
α+β
2 . In partiular:
• When β = 0, we have κ1 = 2 sin α2 and κ2 = 0, so
U˜γ,ξ(r, θ) = −(1 + γ) ln 2r
1 + γ
+ r κ1 cos θ − 1 + γ
r
(ξ1 cos θ + ξ2 sin θ) + ξ3 +O(ε).
• When α = 0, κ1 = 0 and κ2 = 2 sin β2 , so
U˜γ,ξ(r, θ) = −(1 + γ) ln 2r
1 + γ
− r κ2 sin θ − 1 + γ
r
(ξ1 cos θ + ξ2 sin θ) + ξ3 +O(ε).
• When α = 0 (resp. β = 0), we will onsider ξ1 = 0 (resp. ξ2 = 0) in Setion 7.
Proof. Suppose | ba | < |z| < ν, ν > | ba | small. From Lemma 5.2, we know the oordinate
funtions (X1,X2,X3) of the perturbed KMR example Mσ,α,β(γ, ξ) are given by
(23)
 X1 + iX2 = −
1+γ
2
(
z + 1z
)
+A(z)
X3 = (1 + γ) ln |z|+ ξ3 +O(ε2z−2),
where
A(z) = −(1 + γ)(1 + i)b
4z2
+ (ξ1 + iξ2) +O(εz−1 + ε2z−3)
= −(1 + γ)(κ1 + iκ2)
4z2
+ (ξ1 + iξ2) +O(εz−1 + ε2z−3)
If we set z = |z|eiψ and X1 + iX2 = reiθ, then z + 1z =
(
|z|+ 1|z|
)
eiψ and
r cos θ = −1 + γ
2
(
|z|+ 1|z|
)
cosψ +A1,
r sin θ = −1 + γ
2
(
|z|+ 1|z|
)
sinψ +A2,
where A1 = ℜ(A) and A2 = ℑ(A). Therefore,
(24)
r2 =
(1 + γ)2
4
(
|z|+ 1|z|
)2(
1− 4|z|
(1 + γ)(|z|2 + 1) (A1 cosψ +A2 sinψ)
+
4|z|2
(1 + γ)2(|z|2 + 1)2 (A
2
1 +A
2
2)
)
.
When
√
ε
4 6 |z| 6 4
√
ε, the funtions Ai are bounded, and we get
(25) r =
1 + γ
2
(
|z|+ 1|z|
)
(1 +O(√ε)) = 1 + γ
2|z| +O(
√
ε).
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In partiular, r = O(1/√ε). Moreover, we get r
1+γ
2
“
|z|+ 1
|z|
” = 1 +O(√ε), from where
X1 + iX2
1+γ
2
(
|z|+ 1|z|
) = eiθ(1 +O(√ε)).
On the other hand,
X1 + iX2
1+γ
2
(
|z|+ 1|z|
) = −eiψ + 2|z|A
(1 + γ)(1 + |z|2) = −e
iψ +O(√ε),
thus eiψ = −eiθ(1 +O(√ε)).
From (24) and (25) we an dedue
(1+γ)2(1+|z|2)2
4|z|2 = r
2
(
1 + 2r (A1 cosψ +A2 sinψ) +O(ε)
)
,
from where we obtain
(26)
1
|z|2 =
(
2r
1 + γ
)2(
1 +
2
r
(A1 cosψ +A2 sinψ) +O(ε)
)
(1 +O(ε))
=
(
2r
1 + γ
)2(
1 +
2
r
(A1 cosψ +A2 sinψ) +O(ε)
)
,
and then
(27) − ln |z| = ln 2r
1 + γ
+
1
r
(A1 cosψ +A2 sinψ) +O(ε).
Finally, it is not diult to prove that
A1 = −1 + γ
4|z|2 (κ1 cos(2ψ) − κ2 sin(2ψ)) + ξ1 +O(
√
ε)
and A2 = −1 + γ
4|z|2 (κ1 sin(2ψ) + κ2 cos(2ψ)) + ξ2 +O(
√
ε).
Therefore,
A1 cosψ +A2 sinψ = −1 + γ
4|z|2 (κ1 cosψ − κ2 sinψ) + ξ1 cosψ + ξ2 sinψ +O(
√
ε)
= − r
2
1 + γ
(κ1 cos θ − κ2 sin θ) + ξ1 cos θ + ξ2 sin θ +O(
√
ε).
From here, (27) and (23), Lemma 5.3 follows. 
5.2. Parametrization of the KMR example on the ylinder. In this subsetion we want
to parametrize the KMR example Mσ,α,β on a ylinder. Reall its onformal ompatiation
Σσ only depends on σ. The parameter σ ∈ (0, π2 ) will remains xed along this subsetion, and
we will omit the dependene on σ of the funtions we are introduing. Also reall that Σσ an
be seen as a branhed 2-overing of C, by gluing C1,C2 along two ommon uts γ1 and γ2 along
the imaginary axis joining the branh points D,D′ and D′′,D′′′ respetively (see (22)).
We introdue the sphero-onal oordinates (x, y) on the annulus S2 − (γ1 ∪ γ2) (see [11℄): for
any (x, y) ∈ S1 × (0, π) ≡ [0, 2π) × (0, π), we dene
F (x, y) = (cosx sin y, sinxm(y), l(x) cos y) ∈ S2 − (γ1 ∪ γ2),
where
m(y) =
√
1− cos2 σ cos2 y and l(x) =
√
1− sin2 σ sin2 x.
To understand the geometrial meaning of these variables, remark that {x = constant} and
{y = constant} orrespond to two losed urves on S2 whih are two urves are the ross setions
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of the sphere and two ellipti ones (one with horizontal axis, the other one with vertial axis)
having as vertex the enter of the sphere.
If we ompose F (x, y) with the stereographial projetion and enlarge the domain of denition
of the funtion, we obtain the dierentiable map z dened on the torus S1 × S1 ≡ [0, 2π) ×
[0, 2π)→ C and given by
(28) z(x, y) =
cos x sin y + i sinxm(y)
1− l(x) cos y ,
whih is a branh 2-overing of C with branh values in the four points whose sphero-onal
oordinates are (x, y) ∈ {±π2} × {0, π}, whih orrespond to D,D′,D′′,D′′′. Moreover, z maps
S1×(0, π) on C−(γ1∪γ2). Hene we an parametrize the KMR example by z, via its Weierstrass
data
g(z) =
az+ b
i(a− bz) , dh = µ
dz√
(z2 + λ2)(z2 + λ−2)
,
We denote by M˜σ,α,β the lifting of Mσ,α,β to R
3/T by forgetting its non horizontal period
(i.e. its period in homology, T˜ ). We an then parametrize M˜σ,α,β on S
1 × R by extending z
to [0, 2π) × R periodially. But suh a parametrization is not onformal, sine the sphero-onal
oordinates (x, y) 7→ F (x, y) of the sphere are not onformal. As the stereographi projetion
is a onformal map, it sues to nd new onformal oordinates (u, v) of the sphere dened on
the ylinder. In partiular, we look for a hange of variables (x, y) 7→ (u, v) for whih |F˜u| = |F˜v|
and 〈F˜u, F˜v〉 = 0, where F˜ (u, v) = F (x(u, v), y(u, v)).
We observe that
|Fx| =
√
k(x, y)
l(x)
and |Fy| =
√
k(x, y)
m(y)
,
with k(x, y) = sin2 σ cos2 x+cos2 σ sin2 y. Then it is natural to onsider the hange of variables
(x, y) ∈ [0, 2π) × R 7→ (u, v) ∈ [0, Uσ)× R dened by
(29) u(x) =
∫ x
0
1
l(t)
dt and v(y) =
∫ y
π
2
1
m(t)
dt,
where
(30) Uσ = u(2π) =
∫ 2π
0
dt√
1−sin2 σ sin2 t
.
Note that Uσ is a funtion on σ that goes to 2π as σ approahes to zero, and that the above
hange of variables is well dened beause σ ∈ (0, π2 ).
In these variables (u, v), z is v-periodi with period
(31) Vσ = v(2π) − v(0) =
∫ 2π
0
dt√
1−cos2 σ cos2 t .
The period Vσ goes to +∞ as σ goes to zero (see lemma 5.5), whih was lear taking into aount
the limits of Mσ,α,β as σ tends to zero.
From all this, we an dedue that M˜σ,α,β (resp. Mσ,α,β) is onformally parametrized on
(u, v) ∈ Iσ × R (resp. (u, v) ∈ Iσ × Jσ), where Iσ = [0, Uσ ] and Jσ = [v(0), v(2π)].
In setion 6, devoted to the study of the mapping properties of the Jaobi operator about
M˜σ,α,β , we will make exlusive use of the (u, v) variables. In the proof of Lemma 5.3 we have
written as a vertial graph an appropriate piee of M˜σ,α,β orresponding to the annulus
√
ε
4 6
|z| 6 4√ε. The boundary urve along whih we will glue the piee of M˜σ,α,β with the CHM
surfae orresponds to |z| = √ε.
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Lemma 5.5. If
√
ε
4 6 |z| 6 4
√
ε, then
−1
2
ln ε+ c1 6 v 6 −1
2
ln ε+ c2,
where c1 and c2. Under the same assumptions Vσ = −4 ln ε+O(1).
Proof. The proof is artiulated in two steps. Firstly, using equation (28), we will give the values
of the y variable for whih
√
ε
4 6 |z(x, y)| 6 4
√
ε with σ = O(ε). Seondly we will determine the
values of the v variable orresponding to these values of y. It is possible to show that, if |z| varies
in the interval speied above, then π− a1 6 y 6 π− a2, with ai = di
√
ε, where d1 > d2 > 0 are
onstants. Being v an inreasing funtion of y, then v(π − a1) 6 v(y) 6 v(π − a2). Now we will
obtain the values of v(y) for y = π − ai, i = 1, 2. To this aim we observe that
v(y) =
∫ y
π
2
ds√
1− cos2 σ cos2 s.
It holds that ∫ y
0
ds√
1− cos2 σ cos2 s =
∫ y
0
ds√
1− cos2 σ + cos2 σ sin2 s
=
1
sinσ
∫ y
0
ds√
1 + cos
2 σ
sin2 σ
sin2 s
=
1
sinσ
F(y,mσ),
where mσ = − cos2 σsin2 σ and F(y,m) =
∫ y
0
ds√
1−m sin2 s
is the inomplete ellipti integral of the rst
kind. F(y,m) is an odd funtion with respet to y and if k ∈ Z,
F(y + kπ,m) = F(y,m) + 2kK(m),
where K(m) = F(π2 ,m) is the omplete ellipti integral of rst kind. If y = d
√
ε and σ = O(ε),
then
1
sinσ
F(y,mσ) = −1
2
ln ε+O(1).
It is known that if m is suiently big then
K(m) =
1√−m
(
ln 4 +
1
2
ln(−m)
)(
1 +O
(
1
m
))
.
It follows that
1
sinσ
K(mσ) = − ln ε+O(1).
Then, for i = 1, 2,
v(π − ai) = 1
sinσ
(F(π − ai,mσ)−K(mσ)) =
1
sinσ
(F(−ai,mσ) + 2K(mσ)−K(mσ)) =
1
sinσ
(−F(di√ε,mσ) +K(mσ)) = −1
2
ln ε+ ci.
The result onerning Vσ = v(2π) − v(0) follows at one after having observed that v(2π) =
3K(mσ)
sinσ and v(0) = −K(mσ)sinσ . ✷
From the lemma just proved it follows that the value of the v orresponding to |z| = √ε, is
vε = −12 ln ε+ c, where c is a onstant.
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6. The Jaobi operator about KMR examples
The Jaobi operator for Mσ,α,β is given by J = ∆ds2 + |A|2, where |A|2 is the squared norm of
the seond fundamental form on Mσ,α,β and ∆ds2 is the Laplae-Beltrami operator with respet
to the metri ds2 indued on the surfae by the immersion X = (X1,X2,X3) dened in setion
5.1; i.e.
ds2 =
1
4
(|g|+ |g|−1)2 |dh|2.
We onsider the metri on the torus Σσ obtained as pull-bak of standard metri ds
2
0 of the
sphere S
2
by the Gauss map N : dN∗(ds20) = −K ds2, where K = −12 |A|2 denotes the Gauss
urvature of Mσ,α,β . Hene ∆ds2 = −K∆ds20 , and so
J = −K (∆ds20 + 2).
From [11℄ and taking into aount the parametrization of Mσ,α,β on the ylinder given in
subsetion 5.2, we an dedue that, in the (x, y)-variables,
∆ds20 :=
l(x)m(y)
k(x, y)
[
∂x
(
l(x)
m(y)
∂x
)
+ ∂y
(
m(y)
l(x)
∂y
)]
.
In the (u, v)-variables dened by (29), we have J = −Kk(x(u),y(v))Lσ, where
(32) Lσ := ∂2uu + ∂2vv + 2 sin2 σ cos2(x(u)) + 2 cos2 σ sin2(y(v))
is the Lamé operator [11℄.
Remark 6.1. In Proposition 6.5, we will take σ → 0. For suh a limit, the torus Σσ degenerates
into a Riemann surfae with nodes onsisting of two spheres jointed by two ommon points p0, p1,
and the orresponding Jaobi operator equals the Legendre operator on S
2 \ {p0, p1}, given by
L0 = ∂2xx + sin y ∂y (sin y ∂y) + 2 sin2 y in the (x, y)-variables. Note that when σ = 0, the hange
of variables (x, y) 7→ (u, v) given in (29) is not well-dened.
6.1. The mapping properties of the Jaobi operator. From now on, we onsider the on-
formal parametrization of M˜σ,α,β on the ylinder S
1 × R ≡ Iσ × R desribed in subsetion 5.2.
Our aim along this subsetion is to study the mapping properties of the operator J . It is lear
that it is suient to study the simpler operator Lσ dened by (32), so we will study the problem{ Lσw = f in Iσ × [v0,+∞[
w = ϕ on Iσ × {v0}
with v0 ∈ R and onsidering onvenient normed funtional spaes for w, f, ϕ so that the norm of
w is bounded by the one of f .
We will work in two dierent funtional spaes to solve the above Dirihlet problem. To
explain the reason, it is onvenient to reall that the isometry group of M˜σ,α,β depends on the
values of the three parameters σ, α, β. When α = 0 (resp. β = 0), M˜σ,α,β is invariant by the
reetion symmetry about the {x1 = 0} plane (resp. {x2 = 0} plane). We are interested in
showing the existene of families of minimal surfaes lose to M˜σ,0,β and M˜σ,α,0, keeping the
same properties of symmetry. Thus the surfaes in the family about M˜σ,0,β (resp. M˜σ,α,0) will
be dened as normal graphs of funtions dened in Iσ × R whih are even (resp. odd) in the
rst variable. We will solve the above Dirihlet problem in the rst ase. The seond one follows
similarly.
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Denition 6.2. Given σ ∈ (0, π/2), ℓ ∈ N, α ∈ (0, 1), µ ∈ R and an interval I, we dene
Cℓ,αµ (Iσ× I) as the spae of funtions w = w(u, v) in Cℓ,αloc (Iσ× I) whih are even and Uσ-periodi
in the variable u and for whih the following norm is nite:
‖w‖Cℓ,αµ (Iσ×I) := supv∈I
e−µv‖w‖Cℓ,α(Iσ×[v,v+1])
It is possible to prove that Uσ → 2π as σ → 0. We observe that the Jaobi operator Lσ
beomes a Fredholm operator when restrited to the funtional spaes dened in 6.2. Moreover,
Lσ has separated variables. Then we onsider the operator
Lσ = ∂
2
uu + 2 sin
2 σ cos2(x(u)),
dened on the spae of Uσ-periodi and even funtions in Iσ. This operator Lσ is uniformly ellipti
and self-adjoint. In partiular, Lσ has disrete spetrum (λσ,i)i>0, that we assume arranged so
that λσ,i < λσ,i+1 for every i. Eah eigenvalue λσ,i is simple beause we only onsider even
funtions. We denote by eσ,i the even eigenfuntion assoiated to λσ,i, normalized so that∫ Uσ
0
(eσ,i(u))
2 du = 1.
Lemma 6.3. For every i > 0, the eigenvalue λσ,i of the operator Lσ and its assoiated eigen-
funtions eσ,i satisfy
(33) −2 sin2 σ 6 λσ,i − i2 6 0, |eσ,i − e0,i|C2 6 ci sin2 σ,
where e0,i(u) := cos(ix(u)) for every u ∈ Iσ, and the onstant ci > 0 depends only on i (it does
not depend on σ).
Proof. The bound for λσ,i − i2 omes from the variational haraterization of the eigenvalues
λσ,i = sup
odimE=i
inf
e ∈ E
||e||
L2
= 1
∫ Uσ
0
(
(∂ue)
2 − 2 sin2 σ cos2(x(u)) e2) du,
where E is a subset of the spae of Uσ-periodi and even funtions in L
2(Iσ), sine it always
holds 0 6 2 sin2 σ cos2(x(u)) 6 2 sin2 σ. The bound for the eigenfuntions follows from standard
perturbation theory [15℄. ✷
The Hilbert basis {eσ,i}i∈N of the spae of Uσ-periodi and even funtions in L2(Iσ) introdued
above indues the following Fourier deomposition of funtions g = g(u, v) in L2(Iσ × R) whih
are Uσ-periodi and even in the variable u,
g(u, v) =
∑
i>0
gi(v) eσ,i(u).
From this, we dedue that the operator Lσ, an be deomposed as Lσ =
∑
i>0 Lσ,i, being
Lσ,i = ∂
2
vv + 2cos
2 σ sin2(y(v))− λσ,i , for every i > 0.
Sine 0 6 2 cos2 σ sin2(y(v)) 6 2 cos2 σ = 2− 2 sin2 σ, Lemma 6.3 gives us
(34) Pσ,i := 2 cos
2 σ sin2(y(v))− λσ,i 6 2− i2.
This fat allows us to prove the following lemma, whih assures that Lσ is injetive when re-
strited to the set of funtions that are, in the variable u, even and L2-orthogonal to eσ,0 and
eσ,1.
Lemma 6.4. Given v0 < v1, let w be a solution of Lσw = 0 on Iσ × [v0, v1] suh that
(i) w(· , v0) = w(· , v1) = 0
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(ii)
∫ Uσ
0 w(u, v)eσ,i(u) du = 0 , for every v ∈ [v0, v1] and i ∈ {0, 1}
Then w = 0.
Proof. By (ii), w =
∑
i>2wi(v) eσ,i(u). Sine the potential Pσ,i of the operator Lσ,i is negative
for every i > 2 (see (34)) and the operator Lσ,i is ellipti, the maximum priniple holds. We an
then onlude the Lemma 6.4 from (i). ✷
To study the mapping properties of the Jaobi operator Lσ, we need to give a desription of
the Jaobi elds assoiated to Mσ,α,0, whih are dened as the solutions of Lσv = 0.
Sine Mσ,α,0 is invariant by the reetion symmetry aross the plane {x2 = 0}, there are only
four independent Jaobi elds:
• Two Jaobi elds indued by vertial translations and by horizontal translations in the
x1-diretion. These Jaobi elds are learly periodi and hene bounded.
• A third Jaobi eld generated by the 1-parameter group of dilations, whih is not bounded
(it grows linearly).
• The last Jaobi eld an be obtained by onsidering the 1-parameter family of minimal
surfaes indued by hanging the parameter σ. This Jaobi eld is not periodi and grows
linearly.
The Jaobi elds indued by translation along the x3-axis and by dilatation, are solutions of
Lσu = 0 that are ollinear to the eigenfuntion eσ,0. The Jaobi elds indued by the horizontal
translation and by the variation of the parameter σ, are ollinear to eσ,1.
The Jaobi elds of Mσ,0,β , whih is invariant by the reetion symmetry aross the plane
{x1 = 0} are the same asMσ,α,0, with the exeption of that one indued by horizontal translations
in the x1-diretion whih is to be replaed by the eld indued by horizontal translations in the
x2-diretion.
The following proposition states that, if the parameter µ is appropriately hosen, there exists
a right inverse for Lσ whose norm is uniformly bounded.
Proposition 6.5. Given µ ∈ (−2,−1), there exists σ0 ∈ (0, π/2) so that, for every σ ∈ (0, σ0)
and v0 ∈ R, there exists an operator
Gσ,v0 : C0,αµ (Iσ × [v0,+∞)) −→ C2,αµ (Iσ × [v0,+∞))
suh that for all f ∈ C0,αµ (Iσ × [v0,+∞)), the funtion w := Gσ,v0(f) solves
(35)
{ Lσ w = f , on Iσ × [v0,+∞)
w ∈ Span{eσ,0, eσ,1}, on Iσ × {v0}.
Moreover ||w||C2,αµ 6 c ||f ||C0,αµ , for some onstant c > 0 whih does not depend on σ ∈ (0, σ0)
nor v0 ∈ R.
Proof. Every f ∈ C0,αµ (Iσ × [v0,+∞)) an be deomposed as
f = f0 eσ,0 + f1 eσ,1 + f¯ ,
where f¯(·, v) is L2-orthogonal to eσ,0 and to eσ,1, for eah v ∈ [v0,+∞).
Step 1. Firstly, let's prove Proposition 6.5 for funtions f¯ ∈ C0,αµ (Iσ × [v0,+∞)) that are L2-
orthogonal to {eσ,0, eσ,1}. As a onsequene of the Lemma 6.4, Lσ is injetive when ating on the
spae of these funtions. Hene, Fredholm alternative assures there exists, for eah v1 > v0 + 1,
a unique w¯ ∈ C2,αµ , with w¯(·, v) L2-orthogonal to eσ,0, eσ,1 satisfying:
(36)
{ Lσ w¯ = f¯ on Iσ × [v0, v1],
w¯(·, v0) = w¯(·, v1) = 0.
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Assertion 6.6. There exist c ∈ R and σ0 ∈ (0, π/2) suh that, for every σ ∈ (0, σ0), v0 ∈ R,
v1 > v0 + 1 and f¯ ∈ C0,αµ (Iσ × [v0, v1]), there exists w¯ ∈ C2,αµ (Iσ × [v0, v1]) L2-orthogonal to
{eσ,0, eσ,1} satisfying (36) and
(37) sup
Iσ×[v0,v1]
e−µv|w¯| 6 c sup
Iσ×[v0,v1]
e−µv |f¯ |.
Suppose by ontradition that Assertion 6.6 is false. Then, for every n ∈ N, there exists
σn ∈ (0, 1/n), v1,n > v0,n+1 and f¯n, w¯n satisfying (36) (for σn, v0,n, v1,n instead of σ, v0, v1) suh
that
sup
Iσn×[v0,n,v1,n]
e−µv |f¯n| = 1, and
An := sup
Iσn×[v0,n,v1,n]
e−µv |w¯n| → +∞ as n→∞.
Sine Iσn × [v0,n, v1,n] is a ompat set, An is ahieved at a point (un, vn) ∈ Iσn × [v0,n, v1,n].
After passing to a subsequene, the intervals In = [v0,n − vn, v1,n − vn] onverge to a set I∞.
Ellipti estimates imply that
sup
Iσn×[v0,n,v0,n+ 12 ]
e−µv |∇w¯n| 6 c( sup
Iσn×[v0,n,v0,n+1]
e−µv |f¯n|+ sup
Iσn×[v0,n,v0,n+1]
e−µv |w¯n|) 6 c(1 +An).
From this estimate for the gradient of w¯n near v = v0,n it follows that vn annot be too lose
to v0,n, where w¯n vanishes. More preisely, v0,n − vn remains bounded away from 0, and then
onverges to some v¯0 ∈ [−∞, 0). Using similar arguments, it is possible to show that ∇w¯n is
bounded near v1,n and onsequently v1,n − vn onverges to some v¯1 ∈ (0,∞]. Then we an
onlude that I∞ = [v¯0, v¯1].
We dene
w˜n(u, v) :=
e−µvn
An
w¯n(u, v + vn), (u, v) ∈ Iσn × In.
We observe that
|w˜n(u, v)| 6 eµ v e
−µ(v+vn)|w¯n(u, v + vn)|
An
6 eµ v
(38) and sup
Iσn×In
e−µv |w˜n| = 1.
Using the above estimate for ∇w¯n we obtain
|∇w˜n| 6 c1 +An
An
eµ v < 2c eµ v.
Sine the sequenes {w˜n}n and {∇w˜n}n are uniformly bounded, Asoli-Arzelà's theorem as-
sures that, if n→ +∞ a subsequene of {w˜n}n onverges on ompat sets of I0×I∞ to a funtion
w˜∞ whih vanishes on I0 × ∂I∞, when ∂I∞ 6= ∅, and suh that w˜∞(·, v) is L2-orthogonal to
{e0,0, e0,1} for eah v ∈ I∞. Moreover,
(39) sup
I0×I∞
e−µv |w˜∞| = 1.
Sine σn → 0 as n→∞, we an onlude that w˜∞ satises{ L0w˜∞ = 0
w˜∞|I0×∂I∞ = 0 (if ∂I∞ 6= ∅)
If I∞ is bounded, the maximum priniple allows us to onlude that w˜∞ = 0 on I0 × I∞,
whih ontradits (39). Hene I∞ is an unbounded interval.
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Reall L0 is given in terms of the (x, y)-variables. The equation L0w˜∞ = 0 beomes
∂2xxw˜∞ + sin y ∂y (sin y ∂yw˜∞) + 2 sin
2 y w˜∞ = 0.
Now we onsider the eigenfuntions deomposition of w˜∞,
w˜∞(x, y) =
∑
j>2
aj(y) cos(j x).
Eah oeient aj , j > 2, must satisfy the assoiated Legendre dierential equation (see Appen-
dix C)
sin y ∂y (sin y ∂yaj)− j2aj + 2 sin2 y aj = 0.
We obtain that aj(y) equals the assoiated Legendre funtions of seond kind, i.e. aj(y) =
Qj1(cos y), j > 2.
We obtain from (29) that
u(x)→ x and v(y)→ 1
2
ln
∣∣∣tan y
2
∣∣∣ as σ → 0.
In partiular, dene y(v) = 2 arctan(e2v) for σ = 0. Therefore,
(40) cos y(v) =
1− e4v
1 + e4v
and
w˜∞(u, v) =
∑
j>2
Qj1
(
1− e4v
1 + e4v
)
cos(j u).
It is possible to show that |aj| tend to +∞ as the funtion e2j|v|. Sine the interval I∞ is un-
bounded, we reah a ontradition with (39). This proves Assertion 6.6.
Let c ∈ R and σ0 satisfy Assertion 6.6 and x σ ∈ (0, σ0), v0 ∈ R and f¯ ∈ C0,αµ (Iσ × [v0, v1]).
Then, for every v1 > v0 + 1, there exists a funtion w¯ whih is L
2
-orthogonal to {eσ,0, eσ,1} and
satises (36) and (37). Let's take the limit as v1 →∞. Clearly,
e−µ v|w¯| 6 ‖w¯‖C0,αµ (Iσ×[v0,v1]) 6 c ‖f¯‖C0,αµ (Iσ×[v0,v1]).
And using Shäuder estimates we get
e−µ v|∇w¯| 6 ‖w¯‖C2,αµ (Iσ×[v0,v1]) 6 c1
(
‖f¯‖C0,αµ (Iσ×[v0,v1]) + ‖w¯‖C0µ(Iσ×[v0,v1])
)
6 c2‖f¯‖C0,αµ (Iσ×[v0,v1]).
Hene Asoli-Arzelà's theorem assures that a subsequene of {w¯v1}v1>v0+1 onverges to a funtion
w¯ dened on Iσ × [v0,+∞), whih satises
sup
Iσ×[v0,+∞)
e−µ v|w¯| 6 c sup
Iσ×[v0,+∞)
e−µ v|f¯ |.
Using again ellipti estimates we an onlude that w¯ satises the statement of Proposition 6.5.
The uniqueness of the solution follows from Lemma 6.4.
Step 2 Let's now onsider f ∈ C0,αµ (Iσ × [v0,+∞)) in Span{eσ,0, eσ,1}, i.e.
f(u, v) = f0(v) eσ,0(u) + f1(v) eσ,1(u).
We extend the funtions f0(v), f1(v) for v 6 v0 by f0(v0), f1(v0), respetively. Given v1 > v0+1,
onsider the problem
(41)
{
Lσ,jwj = fj, v ∈ (−∞, v1]
wj(v1) = ∂vwj(v1) = 0.
30 L. HAUSWIRTH, F. MORABITO, AND M. M. RODRÍGUEZ
Peano theorem assures the existene and the uniqueness of the solution wj. Our aim onsists of
proving the following result.
Assertion 6.7. sup(−∞,v1] e
−µv |wj | 6 c sup(−∞,v1] e−µv|fj | for some onstant c whih does not
depend on v1.
Suppose by ontradition that, for every n ∈ N, there exists σn ∈ (0, 1/n), v1,n > v0,n + 1 and
fj,n, wj,n satisfying (41) suh that
sup
(−∞,v1,n]
e−µv |f¯j,n| = 1,
An := sup
(−∞,v1,n]
e−µv |wj,n| → +∞ as n→∞.
The solution wj,n of the previous equation is a linear ombination of the two solutions of the
homogeneous problem Lσn,j w = 0. They grow at most linearly at∞ (reall that the Jaobi elds
have this rate of growth). Hene the supremum An is ahieved at a point vn ∈ (−∞, v1,n]. We
dene on In := (−∞, v1,n − vn] the funtion
w˜j,n(v) :=
1
An
e−µvn wj,n(vn + v).
As in Step 1, one shows that the sequene {v1,n − vn}n remains bounded away from 0 and,
after passing to a subsequene, it onverges to v¯1 ∈ (0,+∞] and {w˜j,n}n onverges on ompat
subsets of I∞ = (−∞, v¯1] to a nontrivial funtion w˜j suh that
(42) sup
v∈I∞
e−µv |w˜j| = 1
and w˜j(v¯1) = ∂vwj(v¯1) = 0 , if v¯1 < +∞. The funtion w˜j is the solution of a seond order
ordinary dierential equation, given, in terms of the (x, y)-variables, by
(43) sin y ∂y (sin y ∂yw˜j)− j2 w˜j + 2 sin2 y w˜j = 0.
If v¯1 < +∞ then w˜j = 0 and this is a ontradition with (42). In the ase v¯1 = +∞ we will try
to reah a ontradition determining the solution (43). This is again the assoiated Legendre
dierential equation (see Appendix C). The solutions of the equation (43) are a linear ombi-
nation of the assoiated Legendre funtions of rst kind, P j1 (cos y), and seond kind, Q
j
1(cos y),
with j = 0, 1. It holds that P 01 (cos y) = cos y and P
1
1 (cos y) = − sin y. We hange of oordinates
to express w˜j in terms of the (u, v)-variables. It is possible to show that as v → ±∞ then
|Q11(cos y(v))| and |Q01(cos y(v))| tend to ∞ respetively as e2|v| and |v|. We an onlude that
funtions w˜1 and w˜0 do not satisfy the equation (42) with µ ∈ (−2,−1), a ontradition.
Therefore, sup(−∞,v1] e
−µv |wj | 6 c sup(−∞,v1] e−µv |fj|. Taking v1 → +∞, we get a solution
of Lσ,j wj = fj dened in [v0,+∞) whih satises
sup
[v0,+∞)
e−µv |wj | 6 c sup
[v0,+∞)
e−µv |fj|.
Ellipti estimates allow us to obtain the wanted estimates for the derivatives. To prove the
uniqueness of solution, it is suient to observe that no solution of Lσv = 0 that is ollinear
with eσ,0 and eσ,1 deays exponentially at ∞. This fat follows from the behaviour of the Jaobi
elds. ✷
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7. A family of minimal surfaes lose to M˜σ,0,β and M˜σ,α,0
The aim of this setion is to nd a family of minimal surfaes near to a translated and dilated
opy of M˜σ,0,β and M˜σ,α,0 with given Dirihlet data on the boundary. We start realling that
in subsetion 5.1 we observed that a translated and dilated opies of M˜σ,α,0 and M˜σ,0,β an be
expressed as the graphs over the {x3 = 0} plane respetively of the funtions
(44) U˜γ,ξ(r, θ) = −(1 + γ) ln(2r) + rκ1 cos θ − 1 + γ
r
ξ1 cos θ + d+O(ε)
(45) U˜γ,ξ(r, θ) = −(1 + γ) ln(2r)− rκ2 sin θ − 1 + γ
r
ξ2 sin θ + d+O(ε)
where d = ξ3 + (1+ γ) ln(1 + γ), κ1, κ2, ξ1, ξ2, ξ3, γ ∈ R small enough, κ1 = b1 + b2, κ2 = b1− b2,
b1 = sin
α−β
2 , b2 = sin
α+β
2 , and r belongs to a neighbourhood of rε =
1
2
√
ε
.
We denote by Z the immersion of the surfae M˜σ,α,β . The following proposition, whose proof is
ontained in setion 10, states that the linearized of the mean urvature operator is the Lamé
operator introdued in setion 5.2.
Proposition 7.1. The surfae parameterized by Zf := Z + f N is minimal if and only if the
funtion f is a solution of
Lσf = Qσ(f).
where Lσ := ∂2uu+ ∂2vv +2 sin2 σ cos2(x(u)) + 2 cos2 σ sin2(y(v)) is the Lamé operator and Qσ is
a nonlinear operator whih satises
(46) ‖Qσ(f2)−Qσ(f1)‖C0,α(Iσ×[v,v+1]) 6 c sup
i=1,2
‖fi‖C2,α(Iσ×[v,v+1]) ‖f2 − f1‖C2,α(Iσ×[v,v+1])
for all f1, f2 suh that ‖fi‖C2,α(Iσ×[v,v+1]) 6 1. Here the onstant c > 0 does not depend on v ∈ R,
nor on σ ∈ (0, π2 ).
As a onsequene of the dilation of fator 1 + γ of the surfae the minimal surfae equation
beomes
(47) Lσ w = 1
1 + γ
Qσ ((1 + γ)w) .
We now trunate the surfaes M˜σ,α,0 and M˜σ,0,β at the graph of the urve r =
1
2
√
ε
of the funtion
(44) and (45) with, respetively, β = 0 and α = 0 and we onsider only the upper half of these
surfaes whih we all M1 and M2.
We are interested in minimal normal graphs over these surfaes whih are asymptoti to them.
The normal graph of the funtion w over M1,M2 is minimal, if and only if w is a solution of (47).
In subsetion 5.1 we have proved lemma 5.3, whih allows us to parametrize the surfaes M1,M2
in a neighbourhood of rε as the graph of the funtions given above. The surfaes M1 and M2
are parametrized on Iσ × [vε, Vσ] where vε denote value of the variable v orresponding to the
value rε of the variable r. In setion 5 we showed that vε = −12 ln ε+O(1).
It is important to remark that the boundary of these surfaes does not orrespond to the urve
v = vε. We therefore modify the above parametrization so that for v ∈ [vε − ln 2, vε + ln 2] the
image of the funtions (44) and (45) orresponds to the horizontal urve v = vε. Furthermore
we would like that the normal vetor eld relative to M1,M2 is vertial near the boundary of
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this surfae. This an be ahieved by modifying the normal vetor eld into a transverse vetor
eld N˜ whih agrees with the normal vetor eld N for all v > vε + ln 4 and with the vetor e3
for all v ∈ [vε, vε + ln 2].
Now, we onsider a graph over this surfae for some funtion u, using the modied vetor eld
N˜ . This graph will be minimal if and only if the funtion u is a solution of a nonlinear ellipti
equation related to (47). To get the new equation, we take into aount the eets of the hange
of parameterization and the hange in the vetor eld N into N˜ . The new minimal surfae
equation is
(48) Lσ w = L˜εw + Q˜σ (w) .
Here Q˜σ enjoys the same properties as Qσ, sine it is obtained by a slight perturbation from
it. The operator L˜ε is a linear seond order operator whose oeients are supported in
[vε, vε + ln 4] × S1 and are bounded by a onstant multiplied for ε1/2, in C∞ topology, where
partial derivatives are omputed with respet to the vetor elds ∂u and ∂v.
As a fat, if we take into aount the eet of the hange of the normal vetor eld, we would
obtain, applying the result of Appendix B of [6℄, a similar formula where the oeients of the
orresponding operator L˜ε are bounded by a onstant multiplied for ε sine
N˜ε ·Nε = 1 +O(ε)
for t ∈ [tε, tε + ln 2]. Instead, if we take into aount the eet of the hange in the parameter-
ization, we would obtain a similar formula where the oeients of the orresponding operator
L˜ε are bounded by a onstant multiplied for ε
1/2. The estimate of the oeients of L˜ε follows
from these onsiderations.
In the following of this setion we will give the detailed proof of the existene of a family of a
minimal graph about M1 and asymptoti to it. The proof relative to the ase where the surfae
M1 is replaed by M2 an be obtained easily from the previous one. We reall that the surfaes
M1 and M1 are respetively invariant with respet to two dierent mirror symmetries. A normal
graph of the funtion w = w(u, v) about M1 (respetively about M2) inherits the same property
of symmetry if w is an even (respetively odd) funtion with respet to the variable u. Then one
the proof of the result onerning M1 will be ompleted, to obtain the result about M2 it will
be suient to replae even funtions with odd funtions and to repeat the same arguments.
Now, assume that we are given a funtion ϕ ∈ C2,α(Iσ) whih is even with respet to u, L2-
orthogonal to eσ,0, eσ,1 and suh that
(49) ‖ϕ‖C2,α 6 kε.
We dene
wϕ(·, ·) := H¯vε,ϕ(·, ·),
where vε = −12 ln ε+O(1) and H¯ is introdued in proposition 9.5.
In order to solve the equation (48), we hoose µ ∈ (−2,−1) and look for u of the form u = wϕ+g
where g ∈ C2,αµ (Iσ × [vε,+∞)). Using Proposition 6.5, we an rephrase this problem as a xed
point problem
(50) g = S(ϕ, g)
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where the nonlinear mapping S whih depends on ε and ϕ is dened by
S(ϕ, g) := Gε,vε
(
L˜ε(wϕ + g)− Lσ wϕ + Q˜ε (wϕ + g)
)
.
where the operator Gε,vε is dened in Proposition 6.5. To prove the existene of a xed point
for (50) we need the following
Lemma 7.2. Let µ ∈ (−2,−1). There exist some onstants ck > 0 and εk > 0, suh that
(51) ‖S(ϕ, 0)‖C2,αµ (Iσ×[vε,+∞)) 6 ckε
3/2+µ/2
and, for all ε ∈ (0, εk)
‖S(ϕ, g2)− S(ϕ, g1)‖C2,αµ (Iσ×[vε,+∞)) 6
1
2
‖g2 − g1‖C2,αµ (Iσ×[vε,+∞)),
(52) ‖S(ϕ2, g) − S(ϕ1, g)‖C2,αµ (Iσ×[vε,+∞)) 6 cε
1
2
+µ/2 ‖ϕ2 − ϕ1‖C2,α
for all g, g1, g2 ∈ C2,αµ (Iσ×[vε,+∞)) suh that ‖gi‖C2,αµ (Iσ×[vε,+∞)) 6 2ckε3/2+µ/2 for all boundary
data ϕ,ϕ1, ϕ2 ∈ C2,α(S1) satisfying (49).
Proof. We know from proposition 6.5 that ‖Gε,vε(f)‖C2,αµ 6 c‖f‖C0,αµ , then
‖S(ϕ, 0)‖C2,αµ (Iσ×[vε,+∞)) 6 c‖L˜ε(wϕ)− Lσ wϕ + Q˜σ (wϕ) ‖C0,αµ (Iσ×[vε,+∞)) 6
6 c
(
‖L˜ε(wϕ)‖C0,αµ (Iσ×[vε,∞)) + ‖Lσ wϕ‖C0,αµ (Iσ×[vε,∞)) + ‖Q˜σ (wϕ) ‖C0,αµ (Iσ×[vε,∞))
)
.
So we need to nd the estimates for the three terms above.
We reall that |ϕ|2,α 6 kε. For all µ ∈ (−2,−1), thanks to proposition 9.5 we know that
(53) |wϕ|2,α;[v,v+1] 6 e−2(v−vε)|ϕ|2,α
We know that
‖wϕ‖C2,αµ = sup
v∈[vε,+∞)
e−µv |wϕ|2,α;[v,v+1] 6 sup
v∈[vε,∞)
e−µve−2(v−vε)|ϕ|2,α 6
6 e−µvε |ϕ|2,α 6 ckε1+µ/2.
From this inequality and from the estimates of the oeients of L˜ε, it follows that
‖L˜ε(wϕ)‖C0,αµ 6 cε
1/2‖wϕ‖C0,αµ 6 ckε
3/2+µ/2.
As for Lσ, being wϕ an harmoni funtion we obtain following equality
Lσ wϕ = 2k wϕ,
where k(u, v) = sin2 σ cos2(x(u)) + cos2 σ sin2(y(v)) 6 cε, beause we have set α + β + σ 6 ε
(see lemma 5.3) and yε 6 y(v) 6 π, with yε = π−aε, where aε = O(
√
ε). Therefore, we onlude
that
‖Lσ wϕ‖C0,αµ (Iσ×[vε,∞)) 6 2cε‖wϕ‖C0,αµ (Iσ×[vε,∞)) 6 ckε
2+µ/2.
The last term is estimated by
‖Q˜σ (wϕ) ‖C0,αµ (Iσ×[vε,∞)) 6 ckε
2+µ/2.
Putting together these estimates we get the rst result. The details of other estimates are left
to the reader. 
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Theorem 7.3. Let be B := {g ∈ C2,αµ (Iσ × [vε,+∞)) ; ||g||C2,αµ 6 2ckε3/2+µ/2}. Then the nonlin-
ear mapping S dened above has a unique xed point g in B.
Proof. The previous lemma shows that, if ε is hosen small enough, the nonlinear mapping S
is a ontration mapping from the ball B of radius 2ckε
3/2+µ/2
in C2,αµ (Iσ × [vε, Vσ ]) into itself.
This value omes from the estimate of the norm of S(ϕ, 0). Consequently thanks to the Shauder
theorem, S has a unique xed point v in this ball. 
This argument provides a minimal surfae whih is lose to M1 (respetively M2) and has one
boundary. This surfae, denoted by St,γ,ξ1,dt(ϕ), is, lose to its boundary, a vertial graph over
the annulus B2rε −Brε whose parametrization is given, for β = 0 by
(54) U¯t,1(r, θ) = −(1+ γ) ln(2r) + rκ1 cos θ− 1 + γ
r
ξ1 cos θ+ dt + H¯vε,ϕ(ln 2r− vε, θ)+ Vt(r, θ).
and, for α = 0, by
(55) U¯t,2(r, θ) = −(1 + γ) ln(2r)− rκ2 sin θ− 1 + γ
r
ξ2 sin θ+ dt + H¯vε,ϕ(ln 2r− vε, θ) + Vt(r, θ).
where vε = −12 ln ε+O(1). The boundary of the surfae orresponds to rε = 12√ε . The funtion
Vt depends non linearly on ε, φ. It satises ‖Vt(ε, φi)(rε·, ·)‖C2,α(B¯2−B1) 6 cε and
(56) ‖V¯t(ε, φ)(rε·, ·)− V¯t(ε, φ′)(rε·, ·)‖C2,α(B¯2−B1) 6 cε1/2‖φ− φ′‖C2,α .
This estimate follows from
‖V¯t(ε, φ)(rε·, ·) − V¯t(ε, φ′)(rε·, ·)‖C2,α(B¯2−B1) 6 eµvε‖S(φ, V¯t)− S(φ′, V¯t)‖C2,αµ (Iσ×[vε,+∞))
and the estimate (52).
8. The mathing of Cauhy data
In this setion we shall omplete the proof of theorems 1.1, 1.2 and 1.3.
8.1. The proof of theorem 1.2. The proof of theorem 1.2 is artiulated in two distint parts:
the proof of the existene of the family K1 and of the existene of the family K2.
We start proving the existene of the family K2. The proof is based on an analytial gluing pro-
edure. The surfaes in family K2 are symmetri with respet to the vertial plane {x2 = 0}. So
all of the surfaes involved in the following proof must enjoy the same mirror symmetry property.
We will show how to glue a ompat piee of a Costa-Homan-Meeks type surfae with bent
atenoidal end to two halves of the KMR example M˜σ,α,0 along the upper and lower boundaries
and to a horizontal periodi at annulus with a removed disk along the middle boundary. All
of the surfaes just mentioned have the desired property of symmetry as well as the surfaes
obtained by them by a slight perturbation. We will reall below the neessary results we proved
in previous setions.
Using the result of setion 7, we an obtain a minimal surfae that is a perturbation of half the
KMR example M˜σ,α,0 and is asymptoti to it. This surfae, denoted by St,λt,ξt,dt(ϕt), an be
parameterized over the annular neighbourhood B2rε −Brε , of its boundary as the vertial graph
of (see (54))
U¯t(r, θ) = −(1 + λt) ln(2r) + rκt cos θ − (1 + λt)
r
ξt cos θ + dt + H¯vε,ϕt(ln 2r − vε, θ) +OC2,αb (ε).
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This surfae will be glued to the Costa-Homan-Meeks example along its upper boundary. The
surfae that will be glued along the lower boundary, denoted by Sb,λb,ξb,db(ϕb), an be parame-
terized in the annulus B2rε −Brε , as the vertial graph of
U¯b(r, θ) = (1 + λb) ln(2r) + rκb cos θ − (1 + λb)
r
ξb cos θ + db + H¯vε,ϕb(ln 2r − vε, θ) +OC2,αb (ε).
We remark that the funtions ϕt, ϕb ∈ C2,α(S1) are even and orthogonal in the L2-sense to the
onstant funtion and to θ → cos θ.
Using the result of setion 4, we an onstrut a minimal graph Sm(ϕm) lose to a horizontal
periodi at annulus. It an be parameterized, in the neighbourhood B2rε −Brε of its boundary,
as the vertial graph of
U¯m(r, θ) = H˜rε,ϕm(r, θ) +OC2,αb (ε),
where H˜rε,ϕm is the harmoni extension of ϕm ∈ C2,α(S1) whih is an even funtion orthogonal
in the L2-sense to the onstant funtion.
Thanks to the result of setion 3, we an onstrut a minimal surfae M¯Tk,ε(ε/2,Ψ), with Ψ =
(ψt, ψb, ψm), whih is lose to a trunated genus k Costa-Homan-Meeks surfae and has three
boundaries. The funtions ψt, ψb, ψm ∈ C2,α(S1) are even. Moreover ψt, ψb are L2-orthogonal to
the onstant funtion and to θ → cos θ and ψm is orthogonal to the onstant funtion.
The surfae M¯Tk,ε(ε/2,Ψ) is, lose to its upper and lower boundary, a vertial graph over the
annulus Brε −Brε/2, whose parametrization is, respetively, given by
Ut(r, θ) = σt − ln(2r)− ε
2
r cos θ +Hψt(sε − ln 2r, θ) +OC2,αb (ε),
Ub(r, θ) = −σb + ln(2r)− ε
2
r cos θ +Hψb(sε − ln 2r, θ) +OC2,αb (ε),
where sε = −12 ln ε. Nearby the middle boundary the surfae is a vertial graph whose parametriza-
tion is
Um(r, θ) = H˜ρε,ψm
(
1
r
, θ
)
+OC2,αb (ε).
The funtions OC2,αb (ε) replae the funtions Vt, Vb, Vm, V¯t, V¯b, V¯m that appear at the end of
setions 4, 3 and 7. They depend nonlinearly on the dierent parameters and boundary data
funtions but they are bounded by a onstant times ε in C2,αb topology, where partial derivatives
are taken with respet to the vetor elds r∂r and ∂θ. We assume that the parameters and the
boundary funtions are hosen so that
(57) |λt|+|λb|+|−λt ln
(
ε−1/2
)
+ηt|+|λb ln
(
ε−1/2
)
+ηb|+ε−1/2/2|κt+ε/2|+ε−1/2/2|κb+ε/2|+
2ε1/2(|(1 + λt)ξt|+ |(1 + λb)ξb|) + ‖ϕt‖C2,α(S1) + ‖ϕb‖C2,α(S1) + ‖ϕm‖C2,α(S1)+
+‖ψt‖C2,α(S1) + ‖ψb‖C2,α(S1) + ‖ψm‖C2,α(S1) 6 kε,
where ηt = dt − σt, ηb = db + σb. where the onstant k > 0 is xed large enough. It remains to
show that, for all ε small enough, it is possible to hoose the parameters and boundary funtions
in suh a way that the surfae
St,λt,ξt,dt(ϕt) ∪ Sb,λb,ξb,db(ϕb) ∪ Sm(ϕm) ∪MTk (ε/2,Ψ)
is a C1 surfae aross the boundaries of the dierent summands. Regularity theory will then
ensure that this surfae is in fat smooth and by onstrution it has the desired properties. This
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will therefore omplete the proof of the existene of the family of examples denoted by K1.
It is neessary to fulll the following system of equations
Ut(rε, ·) = U¯t(rε, ·)
Ub(rε, ·) = U¯b(rε, ·)
Um(rε, ·) = U¯m(rε, ·)
∂rUb(rε, ·) = ∂rU¯b(rε, ·)
∂rUt(rε, ·) = ∂rU¯t(rε, ·)
∂rUm(rε, ·) = ∂rU¯m(rε, ·)
on S1. The rst three equations lead to the system
(58)

−λt ln (2rε) + ηt −
(
(1 + λt)
ξt
rε
)
cos θ + rε(κt +
ε
2) cos θ + ϕt − ψt = OC2,αb (ε)
λb ln (2rε) + ηb −
(
(1 + λb)
ξb
rε
)
cos θ + rε(κb +
ε
2 ) cos θ + ϕb − ψb = OC2,αb (ε)
ϕm − ψm = OC2,αb (ε).
The last three equations give the system
(59)

−λt +
(
(1 + λt)
ξt
rε
)
cos θ + rε(κt +
ε
2) cos θ − ∂θ(ϕt + ψt) = OC1,αb (ε)
λb +
(
(1 + λb)
ξb
rε
)
cos θ + rε(κb +
ε
2) cos θ − ∂θ(ϕb + ψb) = OC1,αb (ε)
∂θ(ϕm + ψm) = OC1,αb (ε).
To obtain this system we applied the results of lemma 9.6 and 9.7. Here, the funtions OCl,α(ε)
in the above expansions depend nonlinearly on the dierent parameters and boundary data
funtions but they are bounded by a onstant times ε in C l,α topology. The projetion of the
rst two equations of eah system over the L2-orthogonal omplement of Span{1, cos θ} and the
remaining two equations gives the system
(60)

ϕt − ψt = OC2,αb (ε)
ϕb − ψb = OC2,αb (ε)
ϕm − ψm = OC2,αb (ε)
∂θϕt + ∂θψt = OC1,αb (ε)
∂θϕb + ∂θψb = OC1,αb (ε)
∂θϕm + ∂θψm = OC1,αb (ε).
Lemma 8.1. The operator h dened by
C2,α(S1)→ C1,α(S1)
ϕ→ ∂θϕ
ating on funtions that are orthogonal to the onstant funtion in the L2-sense and are even, is
invertible.
Proof ([4℄). We observe that if we deompose ϕ =
∑
j>1 ϕj cos(jθ), then
h(ϕ) = −
∑
j>1
jϕj sin(jθ),
is learly invertible from H1(S1) into L2(S1). Now ellipti regularity theory implies that this is
also the ase when this operator is dened between Hölder spaes. 
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Using this result, the system (60) an be rewritten as
(61) (ϕt, ϕb, ϕm, ψt, ψb, ψm) = OC2,α(ε).
Reall that the right hand side depends nonlinearly on ϕt, ϕb, ϕm, ψt, ψb, ψm and also on the
parameters λt, λb, ηt, ηb, ξt, ξb, κt, κb. We look at this equation as a xed point problem and x
k large enough. Thanks to estimates (56), (19),(20), (16) and (17), we an use a xed point
theorem for ontrating mappings in the ball of radius kε in (C2,α(S1))6 to obtain, for all ε small
enough, a solution (ϕt, ϕb, ϕm, ψt, ψb, ψm) of (61). This solution being obtained a xed point for
ontration mapping and the right hand side of (61) being ontinuous with respet to all data,
we see that this xed point (ϕt, ϕb, ϕm, ψt, ψb, ψm) depends ontinuously (and in fat smoothly)
on the parameters λt, λb, ηt, ηb, ξt, ξb, κt, κb. Inserting the founded solution into (58) and (59), we
see that it remains to solve a system of the form
(62)

−λt ln(2rε) + ηt +
(
−(1 + λt) ξtrε + rε(κt + ε2)
)
cos θ = O(ε),
λb ln(2rε) + ηb +
(
−(1 + λb) ξbrε + rε(κb + ε2)
)
cos θ = O(ε),
−λt +
(
(1 + λt)
ξt
rε
+ rε(κt +
ε
2 )
)
cos θ = O(ε),
λb +
(
(1 + λb)
ξb
rε
+ rε(κb +
ε
2)
)
cos θ = O(ε).
where this time, the right hand sides only depend nonlinearly on λt, λb, ηt, ηb, ξt, ξb, κt, κb. There
are eight equations that are obtained by projeting this system over the onstant funtion and
the funtion θ → cos θ. If we set
(η¯t, η¯b) = (−λt ln(2rε) + ηt, λb ln(2rε) + ηb),
(ξ¯t, ξ¯b) = r
−1
ε ((1 + λt)ξt, (1 + λb)ξb), (κ¯t, κ¯b) = rε(κt, κb),
the previous system an be rewritten as
(63) (λt, λb, ξ¯t, ξ¯b, η¯t, η¯b, κ¯t, κ¯b) = O(ε).
This time, provided k has been xed large enough, we an use Leray-Shäuder xed point the-
orem in the ball of radius kε in R8 to solve (63), for all ε small enough. This provides a set
of parameters and a set of boundary data suh that (58) and (59) hold. Equivalently we have
proven the existene of a solution of systems (58) and (59). So the proof of the rst part of
theorem 1.2 is omplete.
The proof of the seond part of theorem 1.2 uses the same arguments seen above. So we will
omit most of the details. Our aim is showing the existene of the family of surfaes denoted by
K1. The surfaes in the family K1 are symmetri with respet to the vertial plane {x1 = 0}. It
is important to observe that in the proof, the KMR example whih we deal with, is obtained by
slight perturbation of M˜σ,0,β . The symmetry properties of this surfae dier by the ones of the
surfae lose to M˜σ,α,0 involved in the gluing proedure desribed above. In partiular M˜σ,0,β is
symmetri with respet to the vertial plane {x1 = 0}. We reall that the Costa-Homan-Meeks
type surfae involved in the rst gluing proedure enjoys a mirror symmetry with respet to the
vertial plane {x2 = 0}. Then it is not appropriate for the gluing with a KMR example of the
type desribed above. To obtain the Costa-Homan-Meeks type surfae we need, it is suient
to rotate ounterlokwise by π/2 with respet the vertial axis x3 the Costa-Homan-Meeks
surfae with bent atenoidal ends desribed in setion 3. The surfae obtained in this way enjoys
the mirror symmetry with respet to the vertial plane {x1 = 0}. In the parametrizations of the
top and bottom ends the osinus funtion is replaed by the sinus funtion, that is:
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Ut(r, θ) = σt − ln(2r)− ε
2
r sin θ +Hψt(sε − ln(2r), θ) +OC2,αb (ε),
Ub(r, θ) = −σb + ln(2r)− ε
2
r sin θ +Hψb(sε − ln(2r), θ) +OC2,αb (ε),
where sε = −12 ln ε and (r, θ) ∈ Brε − Brε/2. As for the planar middle end, the form of its
parametrization remains unhanged. We refer to the rst part of the proof for its expression. An-
other important remark to do, onerns the properties of the Dirihlet boundary data ψt, ψb, ψm.
If before it was requested that they were even funtions and orthogonal (only ψt, ψb) to the
onstant funtion and to θ → cos θ to preserve the mirror symmetry property with respet to
the vertial plane {x1 = 0}, now as onsequene of the above observations they must be odd
funtions and ψt, ψb must be orthogonal to the onstant funtion and to θ → sin θ. It is lear
that all the results showed in setion 3 ontinue to hold.
Now we give the expressions of the parametrizations of the surfae St,λt,ξt,dt(ϕt), the minimal
surfae obtained by perturbation from the KMR example M˜σ,0,β and asymptoti to it. This
surfae an be parameterized in the neighbourhood B2rε −Brε , as the vertial graph of
U¯t = −(1 + λt) ln(2r) + rκt sin θ − (1 + λt)
r
ξt sin θ + dt + H¯vε,ϕt(ln 2r − vε, θ) +OC2,αb (ε).
The parametrization of the surfae that we will glue to the Costa-Homan-Meeks type surfae
along its lower boundary is given by
U¯b(r, θ) = (1 + λb) ln(2r)− ξb (1 + λb)
r
sin θ + db + H¯vε,ϕb(ln 2r − vε, θ) +OC2,αb (ε),
where (r, θ) ∈ B2rε −Brε .
To prove the theorem it is neessary to show the existene of a solution of the following system
of equations 
Ut(rε, ·) = U¯t(rε, ·)
Ub(rε, ·) = U¯b(rε, ·)
Um(rε, ·) = U¯m(rε, ·)
∂rUb(rε, ·) = ∂rU¯b(rε, ·)
∂rUt(rε, ·) = ∂rU¯t(rε, ·)
∂rUm(rε, ·) = ∂rU¯m(rε, ·)
on S1, under the assumption (57) for the parameters and the boundary funtions. It is lear
that the proof of the existene of a solution of this system is based on the same arguments seen
before. We remark that the role played before by the funtions θ → cos(iθ), now is played by
the funtions θ → sin(iθ). That ompletes the proof of theorem 1.2.
8.2. The proof of theorem 1.1. To proof the theorem 1.1 we will glue a ompat piee of the
surfaeMTk (ξ), with ξ = 0, desribed in setion 3 to two halves of a Sherk type surfae along the
upper and lower boundary and to a horizontal periodi at annulus along the middle boundary.
The onstrution of these surfaes is showed in setion 4. In partiular we showed the existene of
a minimal graph lose to half a Sherk type example whose ends have asymptoti diretions given
by cos θ1e1 + sin θ1e3 and − cos θ2e1 + sin θ2e3. These surfaes in the neighbourhood B2rε −Brε
of the boundary, admit the following parametrization
U¯t = dt − ln(2r) + H˜rε,ϕt(r, θ) +OC2,αb (ε),
U¯b = db + ln(2r) + H˜rε,ϕb(r, θ) +OC2,αb (ε),
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where the Dirihlet boundary data ϕi ∈ C2,α(S1), for i = t, b, are requested to be even and
orthogonal to the onstant funtion, wϕi denotes their harmoni extensions. The other surfaes
involved in the gluing proedure have been desribed in the previous subsetion.
The proof is similar to the one given for theorem 1, so we will give only the essential details.
Atually to prove the theorem it is neessary to show the existene of a solution of the following
system of equations 
Ut(rε, ·) = U¯t(rε, ·)
Ub(rε, ·) = U¯b(rε, ·)
Um(rε, ·) = U¯m(rε, ·)
∂rUb(rε, ·) = ∂rU¯b(rε, ·)
∂rUt(rε, ·) = ∂rU¯t(rε, ·)
∂rUm(rε, ·) = ∂rU¯m(rε, ·)
on S1, under a assumption similar to (57). We refer to subsetion 8.1 for the expressions of
Ut, Ub, Um, U¯m. It is neessary to point out that in this subsetion we onsider the more sym-
metri example (ξ = 0) in the family (MTk (ξ))ξ. So it is neessary to replae ε/2 by 0 in the
expressions of the funtions Ut and Ub of the top and bottom ends.
We want to remark the boundary data for the surfaes we are going to glue together do not sat-
isfy the same hypotheses of orthogonality. All of these funtions are orthogonal to the onstant
funtion, but only ψt, ψb are orthogonal to θ → cos θ too. The funtions denoted by OC2,αb (ε)
that appear in the expressions of U¯i and Ui, with i = t, b,m, have a Fourier series deomposition
ontaining a term ollinear to cos θ only if the orresponding boundary data is assumed to be
orthogonal only to the onstant funtion. Furthermore the fat that ξ = 0 (the atenoidal ends
are not bent) implies that funtions whih parametrize the top and bottom end of MTk (0) are
orthogonal to cos θ. In other terms, in dierene with the Sherk type surfaes, we are not able
to presribe the oeients in front of the eigenfuntion cos θ for the atenoidal ends of MTk (0),
beause in this more symmetri setting are obliged to vanish.
The rst three equations lead to the system
(64)

ηt + ϕt − ψt = OC2,αb (ε)
ηb + ϕb − ψb = OC2,αb (ε)
ϕm − ψm = OC2,αb (ε),
where ηt = dt − σt, ηb = db + σb. The last three equations give the system
(65)

∂θ(ϕt + ψt) = OC1,αb (ε)
∂θ(ϕb + ψb) = OC1,αb (ε)
∂θ(ϕm + ψm) = OC1,αb (ε).
Now to omplete the proof it is suient to use the same arguments of subsetion 8.1.
8.3. The proof of theorem 1.3. To prove this theorem it is neessary to treat separately the
ase k = 0 and k > 1.
The ase k=0. We will glue half a Sherk example with half a KMR example with α = β = 0.
We observe that this surfae is symmetri with respet to the {x1 = 0} and {x2 = 0} planes.
The Sherk example is symmetri with respet to the {x2 = 0} plane. To preserve this property
of symmetry in the surfae obtained by the gluing proedure, we will onsider the perturbation
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of M˜σ,0,0 whih enjoys the same mirror symmetry. That is the surfae denoted by St,λt,ξt,dt(ϕ)
with λt = ξt = 0 and dt = d. It an be parametrized in the annulus B2rε − Brε as the vertial
graph of
U¯(r, θ) = − ln(2r) + d¯+ H¯vε,ϕ(ln 2r − vε, θ) +OC2,αb (ε).
The Sherk example is parametrized as the vertial graph of
U(r, θ) = − ln(2r) + d+ H˜rε,ψ(r, θ) +OC2,αb (ε).
As for the Dirihlet boundary data, we assume ϕ to be an even funtion orthogonal to the on-
stant funtion and to θ → cos θ, and ψ to be an even funtion orthogonal to the onstant funtion.
To prove the theorem in the ase k = 0, it is neessary to show the existene of a solution of the
following system of equations {
U(rε, ·) = U¯(rε, ·)
∂rU(rε, ·) = ∂rU¯(rε, ·)
on S1, under appropriate assumptions on the norms of the Dirihlet boundary data and the
parameters ξ, d, d¯. These equations lead to the system
(66)
{
η + ϕ− ψ = OC2,αb (ε)
∂θ(ϕ+ ψ) = OC1,αb (ε).
where η = d¯− d. Now to omplete the proof it is suient to use the same arguments of subse-
tion 8.1. The details are omitted.
The ase k > 1. The proof of the theorem in this ase is similar the proof of theorem 1.1.
In fat three of the surfaes we are going to glue are a ompat piee of the Costa-Homan-
Meeks example Mk, half a Sherk type example and a horizontal periodi at annulus as in the
proof of theorem 1.1. The fourth surfae is half a KMR example, of the same type of the proof
of theorem for k = 0. The surfaes are parametrized as vertial graph over B2rε − Brε of the
following funtions:
U¯b(r, θ) = ln(2r) + db + H˜rε,ϕb(r, θ) +OC2,αb (ε),
for the Sherk type example,
U¯m(r, θ) = H˜rε,ϕm(r, θ) +OC2,αb (ε),
for the horizontal periodi at annulus,
U¯t(r, θ) = − ln(2r) + dt + H¯vε,ϕt(ln 2r − vε, θ) +OC2,αb (ε),
for the KMR example,
Ut(r, θ) = σt − ln(2r) +Hψt(sε − ln(2r), θ) +OC2,αb (ε),
Ub(r, θ) = −σb + ln(2r) +Hψb(sε − ln(2r), θ) +OC2,αb (ε),
Um(r, θ) = H˜ρε,ϕm(
1
r
, θ) +O
C2,αb
(ε)
for the ompat piee of the Costa-Homam-Meeks example. The Dirihlet boundary data are
requested to be even funtions. Funtions ψt, ψb are orthogonal to the onstant funtion and to
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θ → cos θ. Funtions ψm, ϕt, ϕb, ϕm are orthogonal only to the onstant funtion. In this ase
the system of equations to solve is:
(67)

ηt + ϕt − ψt = OC2,αb (ε)
ηb + ϕb − ψb = OC2,αb (ε)
ϕm − ψm = OC2,αb (ε)
∂θ(ϕt + ψt) = OC1,αb (ε)
∂θ(ϕb + ψb) = OC1,αb (ε)
∂θ(ϕm + ψm) = OC1,αb (ε),
where ηt = dt − σt, ηb = db + σb. The details are left to the reader.
9. Appendix A
Denition 9.1. Given ℓ ∈ N, α ∈ (0, 1) and ν ∈ R, the spae Cℓ,αν (Bρ0(0)) is dened to be the
spae of funtions in Cℓ,αloc (Bρ0(0)) for whih the following norm is nite
‖ρ−ν w‖Cℓ,α(Bρ0 (0)).
Now we an state the following result.
Proposition 9.2. There exists an operator
H˜ : C2,α(S1) −→ C2,α0 (S1 × [ρ¯,+∞)),
suh that for eah even funtion ϕ(θ) ∈ C2,α(S1), whih is L2-orthogonal to the onstant funtion,
then wϕ = H˜ρ¯,ϕ solves {
δwϕ = 0 on S
1 × [ρ¯,+∞)
wϕ = ϕ on S
1 × {ρ¯}.
Moreover,
(68) ||H˜ρ¯,ϕ||C2,α−1 (S1×[ρ¯,+∞)) 6 c ||ϕ||C2,α(S1),
for some onstant c > 0.
Remark 9.3. Following the arguments of the proof below, it is possible to state a similar propo-
sition but with the hypothesis ϕ odd.
Proof. We onsider the deomposition of the funtion ϕ with respet to the basis {cos(iθ)},
that is
ϕ =
∞∑
i=1
ϕi cos(iθ).
Then the solution wϕ is given by
wϕ(ρ, θ) =
∞∑
i=1
(
ρ¯
ρ
)i
ϕi cos(iθ).
Sine
ρ¯
ρ 6 1, then
(
ρ¯
ρ
)i
6
(
ρ¯
ρ
)
, we an onlude that |w(r, θ)| 6 cρ−1|ϕ(θ)| and then ||wϕ||C2,α−1 6
c||ϕ||C2,α . 
Now we give the statement of an useful result whose proof is ontained in [4℄.
42 L. HAUSWIRTH, F. MORABITO, AND M. M. RODRÍGUEZ
Proposition 9.4. There exists an operator
H : C2,α(S1) −→ C2,α−2 ([0,+∞) × S1),
suh that for all ϕ ∈ C2,α(S1), even funtion and orthogonal to 1 and cos θ, in the L2-sense, the
funtion w = Hϕ solves {
(∂2s + ∂
2
θ )w = 0 in [0,+∞) × S1
w = ϕ on {0} × S1
Moreover
‖Hϕ‖C2,α−2 6 c ‖ϕ‖C2,α ,
for some onstant c > 0.
Proposition 9.5. There exists an operator
H¯v0 : C2,α(S1) −→ C2,αµ (S1 × [v0,+∞)),
µ ∈ (−2,−1), suh that for every funtion ϕ(v) ∈ C2,α(S1), whih is L2-orthogonal to e0,i(u)
with i = 0, 1 and even, the funtion wϕ = H¯v0(ϕ) solves{
∂2uuwϕ + ∂
2
vvwϕ = 0 on S
1 × [v0,+∞)
wϕ = ϕ on S
1 × {v0}.
Moreover,
(69) ||H¯v0(ϕ)||C2,αµ (S1×[v0,+∞]) 6 c ||ϕ||C2,α(S1),
for some onstant c > 0.
Proof. We onsider the deomposition of the funtion ϕ with respet to the basis {e0,i(u)}, that
is
ϕ =
∞∑
i=2
ϕie0,i(u).
Then the solution wϕ is given by
wϕ(u, v) =
∞∑
i=2
e−i(v−v0)ϕie0,i(u).
We reall that µ ∈ (−2,−1) so we have−i 6 µ from whih it follows |wϕ|2,α;[v,v+1] 6 eµ(v−v0)|ϕ|2,α
and
‖wϕ‖C2,αµ = sup
v∈[v0,∞]
e−µv |wϕ|2,α;[v,v+1] 6 sup
v∈[v0,∞]
e−µveµ(v−v0)|ϕ|2,α 6 e−µv0 |ϕ|2,α.

Lemma 9.6. Let u(r, θ) be the harmoni extension dened on [r0,+∞)×S1 of the even funion
ϕ ∈ C2,α(S1) and suh that u(r0, θ) = ϕ(θ). Then
∂θu(r, θ − π/2)|r=r0 = −r0∂ru(r, θ)|r=r0 .
Proof. If ϕ(θ) =
∑
i>0 ϕi cos(iθ), then the funtion u is given by
u(r, θ) =
∑
i>0
ϕi
(
r
r0
)i
cos(iθ).
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Then
∂ru(r, θ) =
∑
i>1
ϕi
(
r
r0
)i i cos(iθ)
r
and
∂θu(r, θ) = −
∑
i>0
ϕi
(
r
r0
)i
i sin(iθ).
Consequently
∂θu(r, θ − π/2) = −
∑
i>0
ϕi
(
r
r0
)i
i cos(iθ)
from whih lemma follows easily. 
Lemma 9.7. Let u(r, θ) be the harmoni extension dened on [0, r0] × S1 of the even funion
ϕ ∈ C2,α(S1) and suh that u(r0, θ) = ϕ(θ). Then
∂θu(r, θ − π/2)|r=r0 = r0∂ru(r, θ)|r=r0 .
Proof. If ϕ(θ) =
∑
i>0 ϕi cos(iθ), then the funtion u is given by
u(r, θ) =
∑
i>0
ϕi
(r0
r
)i
cos(iθ).
Then
∂ru(r, θ) = −
∑
i>1
ϕi
(r0
r
)i i cos(iθ)
r
and
∂θu(r, θ) = −
∑
i>0
ϕi
(r0
r
)i
i sin(iθ).
Consequently
∂θu(r, θ − π/2) = −
∑
i>0
ϕi
(r0
r
)i
i cos(iθ)
from whih lemma follows easily. 
10. Appendix B
Proof of proposition 7.1. Let Z be the immersion of the surfae M˜σ,α,β and N its normal
vetor. We want to nd the dierential equation to whih a funtion f must satisfy suh that
the surfae parametrized by Zf = Z+fN is minimal. In setion 5.2 we parametrized the surfae
M˜σ,α,β on the ylinder S
1×R. We introdued the map z(x, y) : S1× [0, π[→ C¯ where x, y denote
the sphero-onal oordinates. We start working with the onformal variables p, q dened to be
as the real and the imaginary part of z. It holds that
|Zp|2 = |Zq|2 = Λ, |Np|2 = |Nq|2 = −KΛ,
〈Np, N〉 = 〈Nq, N〉 = 0, 〈Zp, Zq〉 = 0, 〈Np, Nq〉 = 0,
〈Nq, Zq〉 = −〈Np, Zp〉, 〈Nq, Zp〉 = 〈Np, Zq〉,
so
〈Np, Zp〉 = |Np||Zp| cos γ1 =
√−KΛcos γ1,
〈Np, Zq〉 = |Np||Zq| cos γ2 =
√−KΛcos γ2.
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Here K denotes the Gauss urvature, Zp, Zq and Np, Nq denote the partial derivatives of the
vetors Z and N, γ1 is the angle between the vetors Np and Zp, γ2 is the angle between the
vetors Np and Zq.
The proof of proposition 7.1 is artiulated in some lemmas. We denote by Ef , Ff , Gf the oe-
iens of the seond fundamental form for the surfae parametrized by Zf . The following lemma
gives the expression of the area energy funtional.
Lemma 10.1.
A(f) :=
∫ √
EfGf − F 2f dp dq,
with
EfGf − F 2f = Λ2 + Λ(f2p + f2q ) + 2KΛ2f2 + 2f(f2q − f2p )
√−KΛcos γ1
−4ffpfq
√−KΛcos γ2 −KΛf2(f2p + f2q ) + f4K2Λ2.
Proof. The oeients of the seond fundamental form are:
Ef = |∂pZf |2 = |Zp|2 + f2p + f2|Np|2 + 2f〈Np, Zp〉,
Gf = |∂qZf |2 = |Zq|2 + f2q + f2|Nq|2 + 2f〈Nq, Zq〉,
Ff = |∂pZf · ∂qZf | = fpfq + f(〈Zp, Nq〉+ 〈Zq, Np〉).
Then
EfGf = |Zp|2|Zq|2 + f2p |Zq|2 + f2q |Zp|2 + f2(|Nq|2|Zp|2 + |Np|2|Zq|2)+
f2(f2p |Nq|2 + f2q |Np|2) + f4|Np|2|Nq|2 + 4f2(〈NpZp〉)(〈NqZq〉) + 2f(f2p 〈Nq, Zq〉+ f2q 〈Np, Zp〉)+
f2p f
2
q + 2f(〈Nq, Zq〉|Zp|2 + 〈Np, Zp〉|Zq|2) + 2f3(〈Nq, Zq〉|Zp|2 + 〈Np, Zp〉|Zq|2).
Sine 〈Nq, Zq〉+ 〈Np, Zp〉 = 0 and |Zp|2 = |Zq|2 we an onlude that the last two terms of the
previous expression are zero. Sine 〈Nq, Zp〉 = 〈Np, Zq〉 we have
Ff = fpfq + 2f〈Np, Zq〉.
Then
F 2f = f
2
p f
2
q + 4f
2(〈Np, Zq〉)2 + 4ffpfq〈Np, Zq〉.
So the expression of EfGf − F 2f is:
|Zp|2|Zq|2 + f2p |Zq|2 + f2q |Zp|2 + f2(|Nq|2|Zp|2 + |Np|2|Zq|2)+
f2(f2p |Nq|2 + f2q |Np|2) + f4|Np|2|Nq|2 + 4f2(〈Np, Zp)(〈Nq, Zq〉) + 2f(f2p 〈Nq, Zq〉+ f2q 〈Np, Zp〉)
−4f2(〈Np, Zq〉)2 − 4ffpfq〈Np, Zq〉.
Ordering the terms we get:
|Zp|2|Zq|2 + f2p |Zq|2 + f2q |Zp|2 + f2(|Nq|2|Zp|2 + |Np|2|Zq|2)− 4f2(〈Np, Zq〉)2
+4f2(〈Np, Zp〉)(〈Nq, Zq〉) + 2f(f2p 〈Nq, Zq〉+ f2q 〈Np, Zp〉)− 4ffpfq〈Np, Zq〉+
+f2(f2p |Nq|2 + f2q |Np|2) + f4|Np|2|Nq|2.
The expression of EfGf − F 2f beomes:
Λ2 + Λ(f2p + f
2
q )− 2KΛ2f2 + 4f2KΛ2
(
cos2 γ1 + cos
2 γ2
)
+
+2f(f2q − f2p )
√−KΛcos γ1 − 4ffpfq
√−KΛcos γ2 −KΛf2(f2p + f2q ) + f4K2Λ2.
AN END-TO-END CONSTRUCTION FOR SINGLY PERIODIC MINIMAL SURFACES 45
Using the relations 〈Nq, Zp〉 = 〈Np, Zq〉 and 〈Nq, Zq〉 = −〈Np, Zp〉, it is possible to understand
that the relative positions of these vetors are suh that γ2 =
π
2 ±γ1. So cos2 γ2 = cos2(π2 ±γ1) =
sin2 γ1 and cos
2 γ1 + cos
2 γ2 = 1. Then we an write:
Λ2 + Λ(f2p + f
2
q ) + 2KΛ
2f2 + 2f(f2q − f2p )
√−KΛcos γ1
−4ffpfq
√−KΛcos γ2 −KΛf2(f2p + f2q ) + f4K2Λ2.

The next lemma ompletes the proof of the proposition 7.1.
Lemma 10.2. The surfae whose immersion is given by Z + fN, is minimal if and only if f
satises
Lσf +Qσ(f) = 0,
where Lσ is the Lamé operator and Qσ is a seond order dierential operator whih satises
‖Qσ(f2)−Qσ(f1)‖C0,α(Iσ×[v,v+1]) 6 c sup
i=1,2
‖fi‖C2,α(Iσ×[v,v+1]) ‖f2 − f1‖C2,α(Iσ×[v,v+1]).
Proof. The surfae parameterized by Zf = Z + fN is minimal if and only the rst variation of
A(f) is 0. That is
2DA|f (g) =
∫
1√
(EfGf − F 2f )|f=0
Df (EfGf − F 2f ) (g) dp dq.
Thanks to the previous lemma it holds that
1√
(EfGf − F 2f )|f=0
Df (EfGf − F 2f )(g) =
1
Λ
(
2Λ(fpgp + fqgq) + 4KΛ
2fg+
+2
√−KΛcos γ1
[
2ffqgq + gf
2
q − 2ffpgp − gf2p
]
+
−4√−KΛcos γ2 [ffqgp + fgqfp + gfpfq] +
−2KΛ [fgf2p + fpgpf2 + fgf2q + fqgqf2]+ 4K2Λ2f3g) .
Reordering the summands, we have:
1√
(EfGf − F 2f )|f=0
Df (EfGf − F 2f )(g) = 2 (fpgp + fqgq + 2KΛfg+
+
√−K cos γ1
[
2f(fqgq − fpgp) + g(f2q − f2p )
]
+
−2√−K cos γ2 [f(fqgp + gqfp) + gfpfq] +
−K [fg(f2p + f2q ) + f2(fpgp + fqgq)]+ 2K2Λf3g) .
In the next omputation we an skip the fator 2 in front of the last expression.
fpgp + fqgq + 2KΛfg +Q1(f, fp, fq)g −Q2(f, fp, fq)gp −Q3(f, fp, fq)gq = 0,
where
Q1(f, fp, fq) = −(f2p − f2q )
√−K cos γ1 − 2fpfq
√−K cos γ2 −Kf(f2p + f2q ) + 2K2Λf3,
Q2(f, fp, fq) = 2ffp
√−K cos γ1 + 2ffq
√−K cos γ2 +Kf2fp,
Q3(f, fp, fq) = −2ffq
√−K cos γ1 + 2ffp
√−K cos γ2 +Kf2fq.
An integration by parts and a hange of sign give us the equation:
(fpp + fqq − 2KΛf −Q1(f, fp, fq)+
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+P2(f, fp, fq, fpp, fpq, fqq) + P3(f, fp, fq, fpp, fpq, fqq)) g = 0,
where
P2(f, fp, fq, fpp, fpq, fqq) = ∂pQ2(f, fp, fq)
and
P3(f, fp, fq, fpp, fpq, fqq) = ∂qQ3(f, fp, fq).
That is
P2(f, fp, fq, fpp, fpq, fqq) = 2(f
2
p + ffpp)
√−K cos γ1 + 2(fpfq + ffpq)
√−K cos γ2+
+K(2ff2p + f
2fpp) + 2f(fp(
√−K cos γ1)p + fq(
√−K cos γ2)p) + f2fpKp
and
P3(f, fp, fq, fpp, fpq, fqq) = −2(f2q + ffqq)
√−K cos γ1 + 2(fpfq + ffpq)
√−K cos γ2+
+K(2ff2q + f
2fqq) + 2f(−fq(
√−K cos γ1)q + fp(
√−K cos γ2)q) + f2fqKq.
Now we hange the variables, passing from the (p, q) variables to the (u, v) variables. Then we
want to understand how above dierential equation hanges. We reall that p and q are the real
and imaginary part of the variable z of whih we know the expression in terms of the spheroonal
oordinates x, y (see (28)). It is known that the metri g¯ indued on a surfae whose immersion Z
is given by the Weierstrass representation on a domain of the omplex z-plane, an be expressed
in terms of the metri ds¯2 = dp2 + dq2, by g¯ = Λ(dp2 + dq2), where Λ = |Zp|2 = |Zq|2. The
Laplae-Beltrami operators written with respet to the metris ds¯2 and g¯ are related by:
∆ds¯2 =
1
Λ
∆g¯.
That is they dier by the onformal fator 1/Λ. In setion 7.1 we observed that the onformal
fator related to the hange of oordinates (x, y)→ (u, v) is −K/k. So the onformal fator due
to the hange of oordinates (p, q)→ (u, v) is obtained by multipliation of the onformal fators
desribed above. Summarizing it holds that
fpp + fqq =
−KΛ
k
(fuu + fvv).
So we an write −KΛ
k
(fuu + fvv) + 2 (−KΛ) f +R1 +R2 +R3 = 0,
where
R1(f, fu, fv) = −−KΛ
k
[
−(f2u − f2v )
√−K cos γ1 − 2fufv
√−K cos γ2 −Kf(f2u + f2v )
]
− 2K2Λf3
=
−KΛ
k
[
(f2u − f2v )
√−K cos γ1 + 2fufv
√−K cos γ2 +Kf(f2u + f2v )− 2Kkf3
]
=
−KΛ
k
P¯1(f, fu, fv),
R2(f, fu, fv, fuu, fuv, fvv) =
−KΛ
k
P2(f, fu, fv, fuu, fuv, fvv)
and
R3(f, fu, fv, fuu, fuv, fvv) =
−KΛ
k
P3(f, fu, fv, fuu, fuv, fvv).
We an write, simplifying the notation:
−KΛ
k
[
fuu + fvv + 2k(u, v)f + P¯1(f) + P2(f) + P3(f)
]
= 0.
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We an reognize the Lamé operator,
Lσf = fuu + fvv + 2(sin2 σ cos2 x(u) + cos2 σ sin2 y(v))f,
then, if we set Qσ = P¯1(f) + P2(f) + P3(f), the equation an be written
Lσf +Qσ(f) = 0.
To show the estimate about Qσ is suient to show that all its oeients are bounded. In
partiular we will show that the Gauss urvature K and its derivatives Ku,Kv are bounded. We
start observing that
−K
k(x(u),y(v)) is bounded. It is well known that the Gauss urvature has the
following expression in terms of the Weierstrass data g, dh:
K = −16
(
|g| + 1|g|
)−4 ∣∣∣∣dgg
∣∣∣∣2 |dh|−2
We reall that dh = µdz√
(z2+λ2)(z2+λ−2)
. Sine |z2 + λ2||z2 + λ−2| and k(x, y) = sin2 σ cos2 x(u) +
cos2 σ sin2 y(v) have the same zeroes, that is the points D,D′,D′′,D′′′ given by (22), then −K/k
is bounded as well as its derivatives.
We an give an estimate of the derivatives of K and
√−K. We an write √−K = √k
√
−K
k .
From the observations made above it follows that it is suient to study the derivatives of
√
k
to show that the derivatives of
√−K are bounded.
We reall that
l(x) =
√
1− sin2 σ sin2 x m(y) =
√
1− cos2 σ cos2 y.
From the expression of k, using (29) it is easy to get:
∂
∂u
√
k = −sin
2 σ sin 2x(u)
2
√
k
l(x(u)),
∂
∂v
√
k =
cos2 σ sin 2y(v)
2
√
k
m(y(v)).
Then ∣∣∣∣ ∂∂u√k
∣∣∣∣ = sin2 σ| sin 2x(u)|l(x(u))
2
√
sin2 σ cos2 x(u) + cos2 σ sin2 y(v)
6
sin2 σ| sin 2x(u)|
2 sin σ| cos x(u)| 6 sinσ,∣∣∣∣ ∂∂v√k
∣∣∣∣ = cos2 σ| sin 2y(v)|m(y(v))
2
√
sin2 σ cos2 x(u) + cos2 σ sin2 y(v)
6
cos2 σ| sin 2y(v)|
2 cos σ| sin y(v)| 6 cos σ.
That is the derivatives of
√
k (and onsequently the ones of
√−K) are bounded. That ompletes
the proof.

11. Appendix C
The dierential equation
(70) sin y ∂y (sin y ∂yf)− j2f + 2 sin2 y f = 0
is a partiular ase (l = 1) of the assoiated Legendre dierential equation, that is given by
sin y ∂y (sin y ∂yf)− j2f + l(l + 1) sin2 y f = 0,
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where l, j ∈ N. The family of the solutions of equation (70) (see [1℄) is
c1P
j
l (cos y) + c2Q
j
l (cos y),
for l = 1, where P jl (t) and Q
j
l (t) are respetively the assoiated Legendre funtions of rst and
seond kind. If l = 1 these funtions are dened as follows:
P j1 (t) =

t if j = 0
−√1− t2 if j = 1
0, if j > 2,
Qj1(t) = (−1)j
√
(1− t2)j d
jQ01(t)
dtj
and Q01(t) =
t
2
ln
(
1 + t
1− t
)
− 1.
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